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Constructive type theory combines logic and programming in one language. This is useful both for reasoning
about programs written in type theory, as well as for reasoning about other programming languages inside
type theory. It is well-known that it is challenging to extend these applications to languages with recursion
and computational effects such as probabilistic choice, because these features are not easily represented in
constructive type theory.

We show how to define and reason about FPCg, a programming language with probabilistic choice and
recursive types, in guarded type theory. We use higher inductive types to represent finite distributions and
guarded recursion to model recursion. We define both operational and denotational semantics of FPCg, as
well as a relation between the two. The relation can be used to prove adequacy, but we also show how to use
it to reason about programs up to contextual equivalence.
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1 INTRODUCTION

Traditionally, modelling and reasoning about programming languages is done using either opera-
tional or denotational techniques. Denotational semantics provides mathematical abstractions that
are used to see beyond the details of the operational implementation, to describe principles com-
mon to many different languages, and to provide modular building blocks that can be extended
to settings with more language features. On the other hand, denotational semantics can easily
become very sophisticated mathematically, and modelling combinations of recursion and other
features such as probabilistic sampling and higher-order store can be difficult. Operational tech-
niques are often more direct and flexible, and are usually easier to implement in proof assistants,
but reasoning requires constructing complex operational models and logics.

Synthetic guarded domain theory (SGDT) provides an alternative approach to both denotational
and operational semantics. The idea is to work in an expressive meta-language with guarded re-
cursion in the sense of Nakano [31], and to use recursion on the meta-level to model recursion on
the object level. The specific meta-language used in this paper is Clocked Cubical Type Theory
(CCTT) [25]. It includes a modal type-operator >, indexed by a so-called clock k (see Section 2), to
describe data that is available one time step from now. It is possible to define elements by guarded
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2 Stassen et al.

recursion by means of a fixed point combinator fix* : (»*A — A) — A. By applying the fixed
point combinator to an operator on a universe one can obtain solutions to guarded recursive type
equations [7]. For example, one can define a guarded delay monad L*, which maps a type A to
L*A satisfying LA ~ A +»*(L*A). This guarded delay monad has been used to model recursive
computations, both in operational semantics, as well as in denotational semantics, which sim-
ply models function types of the object language using the Kleisli functions of the metalanguage:
[A — B] £ [A] — L¥[B]. Guarded recursion is then also used for reasoning about the model, in
particular to establish a relation between syntax and semantics to prove adequacy. These results
were originally proved for the simply typed lambda calculus extended with recursive terms [32]
and recursive types [28], but have been recently extended to cover also languages with general
store and polymorphism [35].

SGDT has several of the benefits listed for operational and denotational techniques above: the
models can be described at a high level of abstraction, and once one is familiar with programming
in the meta-language, the mathematical knowledge required for constructing the models is limited.
The main reason for both of these is that recursion and other tools needed for constructing and
reasoning about these models, are build into the meta-language, so the mathematical difficulties
appear on the next meta-level. Moreover, since metalanguages such as CCTT are dependent type
theories, these results can potentially be directly implemented in proof assistants. For example,
CCTT has been implemented! as an experimental extension of Cubical Agda [40]. Finally, the de-
notational semantics of the language can be seen as a shallow embedding of the object language, so
one can potentially also use the meta-language as a language for both programming and reasoning.

In this paper we show how to extend SGDT to model probabilistic programming languages, i.e.,
languages that include commands that generate random values by sampling from a probability
distribution. It is well known that it is challenging to develop semantic models for reasoning about
higher-order probabilistic programming languages that include recursion, even in a classical meta-
theory. Nonetheless, a plethora of denotational approaches have been investigated in recent years,
[15, 16, 20, 23, 39]. Other operational-based approaches to reason about probabilistic programs
have also been shown to scale to rich languages with a variety of features, using techniques such
as logical relations [8, 14, 22, 42, 44], or bisimulations [13, 26].

Precisely, we show how to develop operational and denotational semantics of FPCg?, a call-by-
value higher-order probabilistic programming language with recursive types, in CCTT, and prove
that the denotational semantics is adequate with respect to the operational semantics. We also
show how to use these results for reasoning about FPCg programs in CCTT. One of the challenges
for doing so is that most of the previously developed theory for probabilistic languages relies on
classical reasoning, which is not available in CCTT. For example, many types used in our model do
not have decidable equality, and as a consequence, even the finite distribution monad 9 cannot be
defined in the standard classical way. Fortunately, CCTT not only models guarded recursion but
also higher-inductive types (HITs), which we use to define D: on a set A, DA is the free convex
algebra [21], that is, a set DA together with a binary operation @, , indexed by a rational number
p, satisfying the natural equational theory (idempotency, associativity, and commutativity). Using
a HIT to represent distributions allows us to use the equational properties of the meta-language
level when reasoning about the semantics of FPCg, and it provides us with a useful induction
principle for proving propositions ranging over DA.

To model the combination of recursion and probabilistic choice,we use the guarded convex delay
monad which we denote by D*. On a type A, DA ~ D(A +»*(D*A)). Intuitively, this means

Lhttps://github.com/agda/guarded
2The name derives from Plotkin’s Fixed Point Calculus (FPC) [17, 34]
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that a computation of type A will be a distribution over values of A (immediately available) and
delayed computations of type A. Quantifying over clocks gives the convex delay monad D'A 2
Vi.D* A which is a coinductive solution to the equation DA ~ D (A + D"A). Both operational and
denotational semantics are defined using D* because it allows for guarded recursive definitions.
These definitions can then be clock quantified to give elements of DY, which has the benefit that
steps can be eliminated, because »* does not get in the way.

As our main result, we define a logical relation, relating the denotational and operational se-
mantics, and prove that it is sound with respect to contextual refinement. Traditionally, defining
a logical relation relating denotational and operational semantics for a language with recursive
types is non-trivial, see, e.g., [33]. Here we use the guarded type theory to define the logical re-
lation by guarded recursion. As usual, the logical relation is divided into a relation for values
and a relation for computations. Since computations compute to distributions, the challenge here
lies in defining the relation for computations in terms of the relation for values. Earlier work on
operationally-based logical relations [2, 8] used bi-orthogonality to reduce the problem to relating
termination probabilities for computations of ground type. Here, we follow the approach of the
recent article [19], which uses couplings [6, 27, 37, 41] to lift relations on values to relations on
distributions. Note that the development in [19] relies on classical logic (in particular, the composi-
tion of couplings, the so-called bind lemma, relies on the axiom of choice) and thus does not apply
here. Instead, we define a novel constructive notion of lifting of relations R : A — B — Prop to
relations on convex delay algebras R" :D*A - D'B — Prop by guarded recursion. We establish
a series of basic results for this, including a version of the important bind lemma that allows us to
compose these liftings in proofs.

Finally, we use the semantics and the logical relation to prove contextual refinement of examples
that combine probabilistic choice and recursion. The examples illustrate yet another benefit of the
denotational semantics: Since fewer steps are needed in the denotational semantics than in the
operational semantics, using this for reasoning makes the arguments less cluttered by steps than
a direct relation between syntax and syntax would.

Contributions.

(1) To the best of our knowledge, we present the first constructive type theoretic account of
operational and denotational semantics of FPCg.

(2) We develop the theory of the finite distribution monad in cubical type theory, and we intro-
duce the convex delay monad in CCTT, and develop the basic theory for it.

(3) We develop the basic constructive theory of couplings for convex delay algebras and use it
to define a logical relation, relating denotational and operational semantics.

(4) We demonstrate how to use the semantics to reason about examples that combine proba-
bilistic choice and recursion.

2 CLOCKED CUBICAL TYPE THEORY

We will work in Clocked Cubical Type Theory (CCTT) [25], an extension of Cubical Type The-
ory [12] with guarded recursion. At present, CCTT is the only existing type theory containing all
constructions needed for this paper. We will not describe CCTT in detail, but only describe the
properties we need, with the hope of making the paper more accessible, and so that the results can
be reused in other (future) type theories with the same properties.
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4 Stassen et al.

Tk k:clockeT Trt:v(a:x).A LBk, T'F Ta:krt:A
Ta:xt+ LB:wx,T'Fi[B]:AlB/a] Tk AMa:x).t:>(a:k).A
Ik:clockrt:A Trt:Vk.A I'F«x’ :clock F'rt: > A—> A
'+ Ak.t:Vx.A T+ t[x']: Al /x] [Fdfix*t:» A

Tri:vFA—D A
T+ pfix“ ¢ :» (a:x).(dfix*t) [a] =4 t(dfix"?)

Fig. 1. Selected typing rules for Clocked Cubical Type Theory.

2.1 Basic properties and HITs

CCTT has an infinite hierarchy of (Tarski style) universes (U;), as well as identity types satisfying
the standard rules and function extensionality. Precisely, CCTT, being based on Cubical Type The-
ory, has a path type as primitive, rather than an identity type in the traditional sense. However,
the differences between the two are inessential to this work. We will write a =4 b, or just a = b,
for the identity type associated with terms a, b : A of the same type. Following conventions from
homotopy type theory [38], we say that a type A is a (homotopy) proposition if for any x,y : A,
the type x = y is contractible, and that it is a (homotopy) set if for any x,y : A, the type x = y is
a proposition. We write Prop;, and Set; for the subuniverses of U; of propositions and sets respec-
tively, often omitting the universe level i. We write A ~ B for the type of equivalences from A to
B. We shall mostly use this in the case where A and B are sets, and in that case, an equivalence is
simply given by the standard notion of isomorphism of sets as phrased inside type theory using
propositional equality. All types used represent to syntax, as well as the denotation of all types,
are sets. Likewise all relations are valued in Prop. These choices simplify reasoning, as no higher
dimensional structure needs to be accounted for. The only types used that are not sets are the
universes Set and U.

CCTT also has higher inductive types (HITs), and we will use these to construct propositional
truncation, set truncation and the finite distributions monad (see section 3). In particular, this
means that one can express ordinary propositional logic with operators A, V, 3,V on Prop, using
the encodings of 3 and V defined using propositional truncation [38]. Recall in particular the elim-
ination principles for 3: When proving a proposition ¢ assuming 3(x : X).¢(x) we may assume
we have an x in hand satisfying ¢(x), but we cannot do that when mapping from 3(x : X).4(x)
to an arbitrary type. We will also need inductive types to represent the type N of natural numbers,
as well as types and terms of the language FPCg described in section 5. These are all captured by
the schema for higher inductive types in CCTT [25].

2.2 Guarded recursion

Guarded recursion uses a modal operator > (pronounced ‘later’) to describe data that is available
one time step from now. In multiclocked guarded recursion, > is indexed by a clock k. Clocks can
be variables of the pretype clock or they can be the clock constant k. Clocks can be universally
quantified in the type Vk.A, with rules similar to II-types, including a functional extensionality
principle. The modality > is a Fitch-style modality [10, 11], in the sense that introduction and
elimination for » is by abstraction and application to ticks, i.e., assumptions of the form « : «, to
be thought of as evidence that time has ticked on clock k. Because ticks can occur in terms, they
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can also occur in types, and the type » (« : x).A binds @ in A. When « does not occur in A we
simply write >*A for > (a:k).A. The rules for tick abstraction and application that we shall use in
this paper are presented in Figure 1. In the figure, the notation I' - means that I is a well-formed
context. Note that the rule for tick application assumes that f (or anything occurring after that in
the context) does not already occur in ¢. This is to avoid terms of the type >* »* A — »*A merging
two time steps into one. We will sometimes use the notation

next® £ Ax.A(a:x).x: A — > A (1)

The rules presented in Figure 1 are special cases of those of CCTT. The general rules allow
certain ‘timeless’ assumptions in I to occur in ¢ in the tick application rule. This allows typing of
an extensionality principle for > of type

(x =ra y) => (a:x).(x [a] =2 y[a]). @)

In this paper we shall simply take this as an axiom. Intuitively, (2) states that x and y are equal,
if the elements they deliver in the next time step are equal. One consequence of this is that »
preserves the property of being a set or a proposition. Other omitted rules for ticks allow typing
of a tick-irrelevance axiom

tirr : (x : 2 A) > (a:x) > (B:x).(x [a]) =4 (x [B]). (3)
stating that all ticks are propositionally equal (although they should not be considered judgemen-
tally equal [4]).

The fixed point combinator dfix allows for defining and programming with guarded recursive
types. Define fix“ : (A — A) — A as fix"f = f(dfix"f). Then one can prove that

fixt = t(A(a:k).fix"t). )

Applying the fix point operator to maps on a universe, as in [7], one can define guarded recursive
types such as the guarded delay monad L* mapping a type A to LA satisfying

L¥A =~ A+ (LFA). (5)

In this paper, we will not spell out how such guarded recursive types are defined as fixed points,
but just give the defining guarded recursive equation. Intuitively, the reason this is well defined is
that LA only occurs under a > on the right-hand side of (5), which allows the recursive equation
to be phrased as a map »*U — U. One can also use fix to program with L defining, e.g., the
diverging computation as L = fix(Ax.inr(x)) (leaving the type equivalence between LA and its
unfolding implicit). In this case (4) specialises to L = inr(A(a:k).L).

2.3 Coinductive types

Coinductive types can be represented by quantifying over clocks in guarded recursive types [3]. For
example, the type LA £ Vk.L*A defines a coinductive solution to LA ~ A + LA in CCTT, provided
A is clock-irrelevant, meaning that the canonical map A — V«.A is an equivalence. More generally,
one can prove that any functor F : U — U (in the naive sense of having a functorial action (A —
B) — FA — FB) commuting with clock quantification in the sense that F(Vk.X) ~ Vk.F(X) via
the canonical map, has a final coalgebra defined as v(F) £ Vk.v*(F), where v*(F) =~ F(»*(v*(F))
is defined using fix. This encoding also works for indexed coinductive types. The correctness of
the encoding of coinductive types can be proved in CCTT, and relies on the type equivalence

Vk.A = V. »* A
For the encoding to be useful, one needs a large collection of clock-irrelevant types and func-

tors commuting with clock quantification. We will need that N is clock-irrelevant, and that clock
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6 Stassen et al.

quantification commutes with sums in the sense that Vx.(A + B) =~ (Vk.A) + (Vk.B). Both of these
can be proved in CCTT using the notion of induction under clocks for higher inductive types [25].
Note also that all propositions P are clock-irrelevant, because the clock constant k( can be used to
define a map (Vx.P) — P. The following lemma can be used to prove types clock irrelevant.

LEMMA 2.1. Suppose i : A — B is injective in the sense of the existence of a map Ilx, y : A.(i(x) =
i(y)) — x =y, and suppose B is clock irrelevant. Then also A is clock-irrelevant.

For the rest of the paper, we work informally in CCTT.

3 FINITE DISTRIBUTIONS

In the previous section we saw the definition of the guarded delay monad L* (Equation 5), which
models non-terminating computations. In this section, we introduce the distribution monad D,
which models finite probability distributions. These two monads will be combined to form the
guarded convex delay monad in the next section.

To construct the distribution monad 9, we first need some infrastructure to reason about prob-
abilities. We will assume types representing the open rational interval (0, 1) and closed rational
interval [0, 1], and we assume that we have the operations product, division of smaller numbers by
larger numbers, and inversion (1—(—)). We also need that (0, 1) is a set with decidable equality, and
that (0, 1) is clock irrelevant. In practice, there are several ways of specifying (0, 1), for example
as a type of pairs (n,d), of mutually prime, positive natural numbers satisfying n < d, and [0, 1]
can be obtained, e.g., by just adding two points to (0, 1). For this encoding, clock irrelevance of
(0,1) follows from the embedding into N X N and Lemma 2.1. However, for this paper the specific
implementation is irrelevant, so we leave this open.

Then, we need to find the right representation of probability distributions in type theory. In
classical presentations of probability theory, a finite distribution on a set A is a finite map into
[0, 1], whose values sum to 1. In type theory, this would be represented by a subtype of A — [0, 1],
which would need some notion of finite support, as well as a definition of the functorial action of D.
Especially the latter is difficult to do: Given amap f : A — B, then D(f) : D(A) — D(B) should
map a probability distribution y to the distribution which, for each b : B, sums the probabilities
u(a) for each a such that f(a) = b. To define this, we would need decidable equality on B to
compute for which a the equality f(a) = b holds, which is too restrictive. Another approach could
be to use lists of key-value pairs, but this requires a quotient to obtain the correct notion of equality
of distributions, which would make it very hard to work with in practice.

Here we instead choose to represent D as the free monad for the theory of convex algebras,
which is known to generate the finite distribution monad [21]. The operation & in the definition
below should be thought of as a convex sum: x @, y =p - x + (1 —p) - y.

Definition 3.1 (Convex Algebra). A convex algebra is a set A together with an operation @ :
(0,1) - A — A — A, such that

7. @p p=u (1dem)
HOpV=VvD1p (comm)
(11 ®p p12) Dq 3 = 11 Bpgq (;12 ®apy ;13) (assoc)

Amap f : A — Bbetween convex algebras A and B is a homomorphism if f (u®,v) = f(p) ®, f (v)
holds for all y, v, p.

Definition 3.2. Let D(A) be the higher inductive type defined using two constructors
§:A—> DA ®:(0,1) > D(A) - D(A) - D(A),
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and equations (paths) for idempotency, commutativity and associativity as in the definition of
convex algebra, plus an equation for set truncation.

One advantage of HITs is that they come with an easy induction principle. For D(A), it is as
follows: If ¢(x) is a proposition for all x : D(A) and ¢(5(a)) holds for all a, and moreover, ¢ ()
and ¢ (v) implies ¢ (p@®,, v) for all p, v, p, then ¢ (x) holds for all x. We will use this proof technique
in numerous places throughout this paper. Similarly, the recursion principle for D(A) states that
to define a map f from D(A) into a set B, it suffices to define the cases of f(5(x)) and f(x @, y),
the latter using f(x) and f(y), in such a way that the convex algebra equations are respected. The
recursion principle implies the following.

PROPOSITION 3.3. D(A) is the free convex algebra on A, in the sense that for any convex algebra
B, and function f : A — B, there exists a unique homomorphism of convex algebras f : D(A) — B

satisfying f = f o 8. As a consequence, D (—) forms a monad on the category of sets.

Now that we have a type D(A) of probability distributions over a set A, we would like to reason
about these distributions. In particular, we would like to know when two distributions are equal.
For that, we use the following trick: we first relate probability distributions on finite sets to the
classical probability distributions on these sets (that is, to functions into [0, 1] with finite support).
Then, we use functoriality of D to generalise to arbitrary sets A.

Define the Bishop finite sets in the standard way by induction on n as Fin(0) = 0 and Fin(n+1) =
Fin(n) + 1, where the + on the right hand side refers to sum of types. For these sets, we can relate
D to its classical definition. First, we use that if any set A has decidable equality, we can associate
a probability function f,, : A — [0, 1] to a distribution y by induction, using f5x)(y) = 1if x =y
and fs(x) (y) = 0 else. This gives us an equivalence of types:

LEmMA 3.4. D(Fin(n)) = 2(f : Fin(n) — [0,1]).sum(f) =1

Here, sum is the sum of the values of f, defined by induction on n. Note that the right hand side
of this equivalence indeed captures the classical definition of probability distributions over Fin(n).
We use Lemma 3.4 to reason about equality for probability distributions as follows.

Example 3.5. The isomorphism of Lemma 3.4 allows us to prove equations of distributions by
first mapping to the right hand side of the isomorphism and then using functional extensionality.
Consider, for example, the equation

(a®p b) @) (c®pa)=(b S ¢) Bzp(1-p) &

where a, b, c : D(A) for some A. In the case where A = Fin(3) and a = 5(0),b = 5(1),¢ = 6(2), we
can prove this by noting that both the left and right-hand sides of the equation correspond to the
map f(0) =p*+(1-p)> =1+2p*=2p=1-2p(1-p), f(1) = £(2) = p(1 - p). Finally, the case
of general A, a, b, ¢ follows from applying functoriality to the canonical map Fin(3) — DA.

Lastly, the guarded convex delay monad in the next section will be defined as a distribution on a
sum type. To reason about such distributions, we will frequently use the fact that any distribution
u: D(A+B) on a sum type can be written uniquely as a convex sum of two subdistributions: One
on A and one on B. In the classical setting where a distribution is a map with finite support this is
trivial: The two subdistributions are simply the normalised restrictions of the distribution map to
A and B respectively. In the constructive type theoretic setting the proof requires a bit more work,
so we mention this as a separate theorem.

THEOREM 3.6. For all sets A and B, the map
D(A)+D(B)+D(A) x(0,1) x D(B) —» D(A+B),
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defined by
f(ini(p) = D(inl)(p)
f(inz(p) = D(inr)(p)
Sins(p.p,v)) = (D(inl) (1) &p (D(inr)(v)),

is an equivalence of types.

13

4 CONVEX DELAY ALGEBRAS

In this section, we define the guarded convex delay monad D* and the convex delay monad D"
modelling the combination of probabilistic choice and recursion. We first recall the notion of delay
algebra (sometimes called a lifting or a »*-algebra [32]) and define a notion of convex delay algebra.

Definition 4.1 (Convex Delay Algebra). A (x-)delay algebrais a set A together with a map step™ : »A — A.
A delay algebra homomorphism is a map f : A — B such that f(step“(a)) = step*(A(« :
k).f(ala])) for all a : »*A. A convex delay algebra is a set A with both a delay algebra structure
and a convex algebra structure, and a homomorphism of these is a map respecting both structures.

Defining the functorial action of »* as »*(f)(a) = A(a:x).f(a [«]), the requirement for f being
a delay algebra homomorphism can be expressed as the following commutative diagram

g UL kg

\Lstep" lstep"
A—L 5B
Recall the guarded delay monad L* satisfying L*A ~ A +»*(L*A). The type L*A is easily seen
to be the free guarded delay algebra on a set A. Similarly, define the guarded convex delay monad
as the guarded recursive type
DA = D(A +»*(D*A)).

Again, this can be constructed formally as a fixed point on a universe (assuming A lives in the
same universe), but we shall not spell this out here. We show that it is a free convex delay algebra.
First define the convex delay algebra structure (step”, ) on D*A and the inclusion § : A — D*A

by

step*(a) = 4(inr(a)) pH®yv=p®pV 8%a = 8(inl(a))
where the convex algebra structure on the right-hand sides of the equations above refers to those
of D.

PROPOSITION 4.2. DA is the free convex delay algebra structure on A, for any set A. As a conse-
quence D* defines a monad on the category of sets.

Proor. Suppose f : A — B and that B is a convex delay algebra. We define the extension
f : DA — B by guarded recursion, so suppose we are given g : >*(D*A — B) and define

f(step®(a)) = step*(A(a:k).g [a](a[al]))
f(5(a)) = f(a)
flpesv) = f(p) & f(v).

Note that these cases define _? by induction on P and +. Unfolding the guarded recursive definition
using (4) gives

f(step*(a)) = step*(A(a:x).f(a[al])).
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so that ? is a homomorphism of convex delay algebras. For uniqueness, suppose g is another
homomorphism extending f. We show that g = f by guarded recursion and function extensionality.
So suppose we are given p : >*(II(x : D*A)(g(a) = f(a))). Then, for any a : >*(D*A), the term
Ma:x).p [a](a[a]) proves B
>(a:x).(g(alal) = f(alal)),
which by (2) is equivalent to A(a:x).g(a [a]) = A(a:x).f(a[a]). Then,
g(step”(a)) = step®(A(a:x).g(a[a]))
= step® (A(a:x).f(a[a]))
= f(step“(a)).
The rest of the proof that g(a) = f(a), for all a, then follows by HIT induction on 9.
In terms of category theory, we have shown that D* is left adjoint to the forgetful functor from

convex delay algebras to the category of sets. It therefore defines a monad on the category of
sets. ad

We will often write t >>=* f for f(t) where f is the unique extension of f to a convex delay
algebra homomorphism.

Example 4.3. The type D*A can be thought of as a type of probabilistic processes returning
values in A. Define, for example, a geometric process with probability p : (0,1) as geoj, 0 where
geo,, : N — D*N
geo, n = (5*n) @, step"(A(a:x).geo), (n+1))
Note that this gives
geo,(0) = (6°0) &, step® (A(a:k).geoy, (1))

= (5°0) @, (step'c/l(a:ic).((é'cl) ®p (stepKA(a:K).geo; (2))))

The modal delay >* in the definition of DA prevents us from accessing values computed later,
thereby also preventing us from, e.g., computing probabilities of ‘termination in n steps’ as ele-
ments of [0,1]. Such operations should instead be defined on the convex delay monad D". This
monad is defined in terms of D* by quantifying over clocks:

D'A £ Vk.D¥A.

PROPOSITION 4.4. If A is clock-irrelevant then DYA is the final coalgebra for the functor F(X) =
D(A+X).

Proor. We must show that F commutes with clock quantification, and this reduces easily to
showing that 9 commutes with clock quantification. The latter can be either proved directly by
using the same technique as for the similar result for the finite powerset functor [25], or by refer-
ring to [30, Proposition 14], which states that any free model monad for a theory with finite arities
commutes with clock quantification. ]

REMARK 1. From now on, whenever we look at a type DYA, we assume A to be clock-irrelevant.

In particular, DYA ~ D(A + DYA), and so DY carries a convex algebra structure (8", ") as well
as a map step’ : DA — D"A defined by step’(x) = &(inr(x)). Define also 6¥ : A — D"A as
8%x £ 5(inlx).
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10 Stassen et al.

Example 4.5. The geometric process can be defined as an element of N — DN as geo,n =
Axk.geoy, n. This satisfies the equations

geo, 0 = (8%0) 69\; stepv(geop (1))
= (670) @ step’((6” 1) @, step'(geo, (2))

LEMMA 4.6. DY carries a monad structure whose unit is 5% and where the Kleisli extension f :
DYA — DYB of a map f : A — DB satisfies

f(step’) = step(f(x)) Fueyv) =4 &) f()).
Proor. This is a consequence of [30, Lemma 16]. O

4.1 Probability of termination

Unfolding the type equivalence D'A ~ D(A + DA) we can define maps out of D'A by cases. For
example, we can define the probability of immediate termination PTj : D'A — [0,1], as:

PTo(6%a) = 1
PTo(stepvd) =0
PTo(x @) y) = p - PTo(x) + (1 - p) - PTo(y).

Likewise, we define a function run : DA — DYA that runs a computation for one step, eliminating
a single level of step” operations:

run(8'a) = 8"a run(step’d) = d run(x 69\; y) = (runx) 69\; (runy).

We can hence compute the probability of termination in n steps, by first running a computation
for n steps, and then computing the probability of immediate termination of the result:

PT,.(x) = PTy(run™x).
For example, running the geometric process for one step gives:
run(geo, 0) = (6"0) @, ((6"1) &, step’(geo,, (2))),

so PTi(geo, 0) = p + (1-p)p = 2p — p*.

We will later prove (Lemma 4.14) that PT()(y) : N — [0, 1] is monotone for all p. Intuitively,
the probability of termination for y is the limit of this sequence. The following definition gives a
simple way of comparing such limits, without introducing real numbers to our type theory.

Definition 4.7. Let f,g: N — [0, 1] be monotone. Write f <j, g for the following proposition:
for every n: N and every rational ¢ > 0 there exists m: N such that f(n) < g(m) + €. We write
f =lim ¢ for the conjunction f <j, g and g <jn, f.

It is easy to show that the relation <y, is reflexive and transitive and thus =j;, is an equivalence
relation. Furthermore, <j;, is closed under pointwise convex sums.

LEMMA 4.8. Let fi, 91, f2,92: N — [0, 1] be monotone and letp € (0,1). If fi <im 91 and fo <ilim 9o,
thenp-fi+(1—p) - fo <timp-g1+(1—p)-ga.
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4.2 Step reductions

Rather than eliminating a full level of step” operations with run, it is sometimes useful to allow
different branches to run for a different number of steps. We capture this in the step reduction
relation ~». This is the reflexive, transitive, and convex closure of the one-step reduction relation:

Definition 4.9. Define the step reduction relation ~>: DA — DYA — Prop inductively by the
following rules

vV Vo~ v Vi~ V] V2 ~o v

1ZS Y step”v ~ v Voo v vlea\;,vz'\»v{ea\;vé

REMARK 2. CCTT lacks higher inductive families as primitive, but the special case of the step reduc-
tion relation can be represented by defining a fuelled version ~" by induction on n, and existentially

quantifying n.
The step reduction relation ~» is closely related to run.

LEmMMA 4.10. Let v,v' : DYA. Then:

(1) Foralln : N, v ~» run™v.
(2) If v ~ V' then, foralln : N, run™v ~»> run™v’.
(3) If v~ V' then there exists an n : N such that v’ ~> run™v.

Proor. The first two facts are proven by induction on n, the last by induction on ~». O

Unlike run, the relation ~» can execute different branches of a probabilistic computation for a
different number of steps, as illustrated in the following example.

Example 4.11. Consider: v = (step’(5"a)) 69\;, (step’(step’(8"D))). Then run removes step” oper-
ations from both branches.

run(v) = (8"a) &), (step”(5"b))
run’(v) = (6%a) &), (5"b)
run(v) = (6"a) &, (6"b) forn > 2.
As per Lemma 4.10, we have v ~» (run™v), for each n : N, as well as:
v~ (8%a) &), (step'(step’(6"D)))
v~ (step”(8"a)) 69\;, (step”(8"D))
v~ (step’(8'a)) &), (D).

We will use this flexibility in running different branches for a different number of steps in both
our proofs and examples, such as in the proof of Lemma 7.9.

The step reduction relation is confluent, since we can always match two probabilistic processes
that stem from the same parent process by running all branches long enough.

COROLLARY 4.12 (CONFLUENCE). o
Letv,vi, vy : DYA. f \ ,
Ifbothv ~> vy and v ~> vy, U\ /‘U
then there is av' : DY such that vi ~> v/ and vy ~> V', Uy

Proor. We apply Lemma 4.10.3, giving us an n; and n, such that v; ~> run™v and v, ~ run™v.
Taking N = max(ny, ny) then gives the confluence via Lemma 4.10.1. ]
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We mention two more useful properties of step reductions. Firstly, the bind operation preserves
the ~» relation, which follows by an easy induction on ~».

LEmMA 4.13. If f : A — DY(B), and v,V : DYA such that v ~> v'. Then also f(v) ~> f(V').

Secondly, the probability of termination is monotone with respect to n, and along step reduc-
tions:

LEMMA 4.14. Forv,v' : DYA, we have:

(1) For alln,m : N such that n < m: PT,(v) < PT,,(v).

(2) If v ~ V' then for all n : N: PT,(v) < PT,(v').

(3) If v~ V' then PT(y(v) =iim PT()(v).

Proor. The first statement is by induction on n and case analysis for v, the second statement

by induction on n and ~». The third statement follows by induction on ~», the properties of <jim
and monotonicity of PT( ) (—) (i.e. the first statement of this lemma). O

4.3 Approximate step reductions

The monads D* and DY model the fact that at any point in time we might not have complete
information about a probability distribution, with more information coming in at every time step.
The relations run and ~»> process the incoming information and give new probability distributions
that are future variants of the original (delayed) distribution, after a finite number of unfoldings.
However, it is often useful to talk about what happens in the limit, after infinitely many unfoldings.
For this purpose we introduce the relation ~»~. Intuitively, v ~~ 0" holds if we can get arbitrarily
close to v’ by applying sufficiently many unfoldings to v.

Definition 4.15. Define the approximate step reduction relation ~»~: DA — DYA — Prop as:
v~ v if for all p € (0, 1) there is a v’ : DYA such that v ~> v/ GB\;, v

Example 4.16. The approximate step reduction relation ~»~ allows us to talk about limits con-
structively. For example, say h is a hesitant point distribution Ay, if b, ~> 6"(x) GBY] hy. For instance,
he = Ax.(fix" (Ay.6" (x) &g step*y)) satisfies this, but we will see another example in section 9.1.

In the limit, A, should be the same distribution as the normal point distribution 5V(x). Indeed,
hy ~~ 87(x).
To prove this, we need to show that for all p € (0,1) there is a v such that h, ~» 5V(x) 69\;, v. Let,
for any natural number n, g, = Y7, q(1 — q)’, then by applying transitivity of ~» n times:
hy ~> 87(x) @) .
If we choose n such that ¢, > p, then we can write

8%(x) @), by =8"(x) &), (8"(x) @\i,l,,_,p hy).
-P

Then choosing v = §¥(x) @, , hx gives hy ~» §"(x) 69\; v, which is what we needed to show.
1-p

We again prove some useful properties of ~»~ that we need in future proofs. We start with the
defining properties of the step reductions. These also hold for approximate step reductions:

LEMMA 4.17. The relation ~7~ is reflexive and transitive. Furthermore, stepvv ~% v, and ~7 s
preserved by sums: if vi ~>~ vi and vy ~>~ v, then for all p € (0,1), v, 69\;, vy~ V] 69\; V5.

The bind operation also preserves approximate step reductions, which follows directly from the
fact that the bind operation preserves ~».
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x:0€l +T FT n:N +T I'rL:Nat I'rM:o T'rN:o
Tkx:o Tr():1 '+ n:Nat [ +ifz(LLM,N) : o

I'+ M : Nat I'+M:o I'+L:oc+0 Ix:0FM:7T lLy:d'+N:1
I+ sucM : Nat F'rinlM:o+7 T+ case(L,x.M,y.N) : t

IT'tM:o I'+N:t IT'tM:oXrt IL(x:o)rM:1T I'+N:o—>r1 I'+M:o
F'r(M,N):oXxt F'rfstM: o F'rlamxM:0—> 1 '-NM:z
T'rM:r[pX.r/X] T+M:pX.t I't+M:o I'+tN:o p:(0,1)
T+ foldM: pX.r T+ unfold M : t[pX.7/X] T + choice? (M,N) : o

Fig. 2. Typing rules for FPCg. Rules for pred, inr, snd omitted.

LEmMMA 4.18. If f : A — DY(B), and v,V : DYA such that v ~>* v'. Then also f(v) ~~ f(/).

Step reductions are also approximate step reductions, and approximately reducing step reduc-
tions just results in further approximate reductions, as does step reducing an approximate step
reduction.

LEMMA 4.19. Let v, vq, vy : DYA. Then:

(1) If v~ vy, then v ~>~ vy.
(2) If v ~ vy and vy ~~ vy, then v ~~ v,
(3) If v ~~ vy and vi ~> vy, then v ~~ v,,

Finally we show that approximate step reductions preserve limit probabilities of termination:
LEMMA 4.20. Let vy, v2 : DYA. Ifvi ~% vy then PT( ) (v1) =1im PT()(v2).

5 PROBABILISTIC FPC

In this section we define the language FPCg, its typing rules, and operational semantics in CCTT.
FPCg is the extension of simply typed lambda calculus with recursive types and probabilistic
choice. The typing rules of FPCg are presented in Figure 2. In typing judgements, I is assumed to
be a variable context and all types (which include recursive types of the form yX.7) are closed.
We assume a given representation of terms and types of FPCg within CCTT. For example, as
inductive types with the notion of closedness defined as decidable properties on these types. We
will also assume that terms are annotated with enough types so that one can deduce the type of
subterms from terms. This allows the evaluation function and the denotational semantics to be
defined by induction on terms rather than typing judgement derivations. It also means the typing
judgement T’ + M : ¢ is decidable. We write Ty for the type of closed types, and Tm. for the type
of terms M satisfying I' - M : o, constructed as a subtype of the type of all terms. For empty I' we
write simply Tm . We write Val ;. for the set of closed values of type o, as captured by the grammar

VW= |n|lamxM |foldV | (V,W) | inlV | inrV
The operational semantics is given by a function eval® of type

eval” : {o : Ty} - Tm_, — D*(Val,), (6)
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14 Stassen et al.

eval®(V) £ 5V
eval®(suc M) = D*(suc)(eval*M)
eval®(inl M) £ D*(inl)(eval*M)
0 +— eval®(M)
n+1 - eval*(N)

>

eval®(ifz(L, M, N)) £ eval“L >>=" {

eval®(fst M) £ (eval*M) >>=" J(V,W).6"V
eval*(M,N) £ eval*M >>=" AV .eval*N >>=" AW.6"(V, W)
inlV > step®(A(a:k).eval*(M[V/x]))
inrV i step®(A(a:x).eval*(N[V/y]))
eval“(M) >>=" A(lam x.M"). eval*(N)
>>=" AV.step” (A(a:k).eval*(M'[V/x]))
eval®(fold M) 2 D*(fold ) (eval*(M))
eval®(unfold M) £ eval*M >>=" A(fold V).step” (A(a:k).5V)
eval®(choice’ (M, N)) £ (eval*M) @j, (evalN)

eval®(case(L, x.M,y.N)) = eval*(L) >>=* {

13

eval*(M N)

Fig. 3. The evaluation function eval®. Rules for pred, inr, snd omitted.

associating to a term M with type o an element of the free guarded convex delay algebra over Val,,.
The corresponding element of the coinductive convex delay algebra can be defined as

eval(M) £ Ak.eval*(M) : D"(Val,).

The function eval® is defined by an outer guarded recursion and an inner induction on terms. In
other words, by first assuming given a term of type »*({o : Ty} — Tm, — D¥*(Val,)), then
defining eval®(M) by induction on M. The cases are given in Figure 3. The figure overloads names
of some term constructors to functions of values, e.g. inl : Val, — Val_,, mapping V to inlV,
and pred, suc : Val,, — Valy,, defined using Val,,, ~ N. The figure also uses pattern matching
within bindings, e.g. in the case of function application, where we use that all values of function
type are of the form lam x.M’ for some M’.

In the cases of case(L, x.M, y.N) and M N the recursive calls to eval® are under step” and so can
be justified by guarded recursion. This is necessary, because they are not instantiated at a struc-
turally smaller term. The case for unfold M also introduces a computation step using step”. While
this is not strictly necessary to define the operational semantics, we introduce it to simulate the
steps of the denotational semantics defined in Section 6. This simplifies the proof of Theorem 6.1.

In FPCg we can define a fixpoint combinator as illustrated below:

Example5.1. Wedefine-+Y: ((¢ = 1) = (6 = 1)) = 0 — tbyY = lam f.lam z.ef(fold ef)z,
where

ef: (XX > 0—>1) >0—r7
er = lam ylet y’ = unfoldy in f(lam x.y'yx)

Here,y: pX.(X - 0 - 1),y : (uWX.(X > 0> 1)) >0 > rand lamx.y'yx:0 — 1.
Then, for any values - + f: (6 > 7) 50— rand -+ V : 0,

eval“((Yf)(V)) = (8)* (eval*((f (YF))(V)))
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where A £ (step” o next®).

5.1 Contextual Refinement

Two terms M, N are contextually equivalent if for any closing context C[—] of ground type the
terms C[M] and C[N] have the same observational behaviour. Here, the only observable behaviour
we consider is the probability of termination for programs of type 1, which, for a closed term M
should be the limit of the sequence PT, (eval M).

Definition 5.2 (Contextual Refinement). Let T + M, N : t be terms. We say that M contextually
refines N if for any closing context of unit type C : (I' + ) = (- + 1), PT()(eval(C[M])) <iim
PT(,)(eval(C[NT])).In this case, write M <cix N. We say that M and N are contextually equivalent
(M =cix N)if M Z¢cix N and N Z¢¢ M.

Definition 5.2 should be read as defining a predicate on M and N in CCTT, i.e., a function Tm., —
Tm. — Prop. The notion of closing context C : (T + ¢) = (- + 1) is a special case of a typing
judgement on contexts C : (I' + o) = (A F 1) defined in a standard way. Note that C[—] may
capture free variables in M.

6 DENOTATIONAL SEMANTICS

We now define a denotational semantics for FPCg. The semantics is based on two ideas: (i) we use
guarded recursion to interpret recursive types, inspired by [28], and (ii) we use the guarded convex
delay monad to interpret effectful computations, similarly to how monads are used to interpret
effectful languages in standard denotational semantics. Specifically we define two functions

[-]F : Ty — Set

[-]* : {T: Ctx} — {0 : Ty} — Tm. — [I]* — D*[o]*
which interpret types and terms, respectively, see Figure 4. Note that by using guarded recursion
to interpret types, it suffices to define the denotation of closed types.

The interpretation of terms is defined by induction on terms. Note that all syntactic values are
interpreted as semantic values in the sense that we can define a map
[-]¥3* : {o : Ty} — Val, — [o]*

satisfying [V]* = &%([V]Y2*) for all V. Note also that the denotational semantics only steps
when unfolding from a recursive type. As a consequence, the denotational semantics is much less
cluttered by steps than the operational semantics, which makes it simpler to use for reasoning.
Despite the fewer steps, the two semantics refine each other. In particular we have the theorem
below, which we will prove using the techniques we develop in later sections:

THEOREM 6.1. For any well-typed closed expression - + M : 1 we have that
PT()(eval M) =i PT () ([M])
where [M] £ Ax.[M]*
The denotational semantics satisfies the following substitution lemma:

LEMMA 6.2 (SUBSTITUTION LEMMA). For any well-typed term I'.(x : o) + M : 7 as well as every
well typed valueT + V : o we have

MV /U5 = M e

The following example presents a useful equality to work with denotational semantics of recur-
sive functions defined via a fixed point combinator:
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Interpretation of types
[ox 2] = [o]* x []* [o — ]* = [o]* — D*[]"
o+ 7] = [o]* + [ [Xa]* 2 5[ lpX.o/X ]
Interpretation of terms
[OTp = 860 [l = 6%(n)  [x], = 8" (p(x))
[suc M]; = D" (suc) ([[F FM: Nat]];)

13

[Nat]*
[

> 1>
-

0 — [[Mﬂ;

[ifz(e, M, N)], = L] >>=" {n+1 = [N]5

[~

llam .M £ 6 (Ao : [0} [MT5 1)
[MN]7 = [M]}, >>=" Af.[N]}, >>=" Av.fo

[(M,N)JE 2 [M]5 >>=" Ao, ([[N]}Z 5= Aw.8* (o, w))
[fst M]5 = D" (pry) (IMI)
[inl M £ D*(inl ) ([[M]},';)

K & K K iIllU = [[MHK.xHU
[case(L, x.M,y.N)]; = [L], >>= {inrv - [[N]]%.va
[fold M5 £ D*(next®) ([M]’)
[unfold M]j; = [M]}; >>=" Ao.step™ (A(a:x).6" (0 [a]))

[choice? (M, N[ = [M], &, [N},
Fig. 4. Denotational semantics for FPCg. Rules for pred, inr, snd omitted.

Example 6.3. Recall the fixed point operator Y from Example 5.1. The denotational semantics
satisfies the following equations

[(lam y.M) x[5s = [M] s (7)
[YF [0 = (step® o next®) ([f (V) x]s0) (®)

for any value f and semantic value v, and where x does not appear free in M. By applying the
substitution lemma, we also get

[(lam y.M) V]* = [M[V /x]]*
[YfV]* = (step™ o next®) ([f (Yf) V])

7 COUPLINGS AND LIFTING RELATIONS

Our next goal is to define a logical relation between the syntax and semantics and use it to reason
about contextual equivalence of FPCq terms. This is done by defining a value relation (of type
[e]© — Val, — Prop) and an expression relation (of type DX[¢]* — DY(Val,) — Prop) by
mutual recursion. We start by defining a relational lifting [24] operation mapping a relation R :
A — B — Prop on values and to a relation R : DA > D'B — Prop on computations.
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This will be used to define the expression relation as the relational lifting of the value relation.
As opposed to standard lifting constructions, that consider the same monad on both sides of the
relation, there is an asymmetry in the type of ‘R" . The reason is that the logical relation will be
defined by guarded recursion in the first argument, while using arbitrarily deep unfoldings of the
term on the right-hand side. This section defines the relational lifting construction and proves its
basic properties.

The first step is lifting a relation R over A X B to a relation over DA x DB. Recall the notion
of R -coupling [6, 27], which achieves this precise end:

Definition 7.1. Let R : A — B — Prop, and let p : DA, v : DB be finite distributions. An R -
coupling between p and v is a distribution on the total space of R, i.e, p : D(Z(a:A), (b:B).aR D),
whose marginals are y and v:

D(pry)(p) = p D(pry)(p) =v,

where pr; and pr, are the projection maps A &L Ax B 2% B We write Cpl g (1, v) for the type
of R -couplings between p and v.

In other words, an R -coupling is a joint distribution over Ax B with the property that R always
holds for any pair of values sampled from it. Our definition of ,u%K v will generalise this idea for
pairs of computations, whose final values might become available at different times. Recall that
by Theorem 3.6 a distribution y : D¥A =~ D (A +»*(D*A)) must be either a distribution of values,
one of delayed computations or a convex combination of the two. The relation p ‘R" v should then
hold if (1) the values available in y now can be matched by v after possibly some computation
steps, and (2) the delayed computation part of u can be matched later, in a guarded recursive step.
The matching of values is done via an R -coupling, and the computation steps are interpreted
using ~»~. We choose ~»~ over the more straightforward ~> to allow the matching values for y
to be delivered in the limit of an infinite sequence of computation steps. By choosing ~»~, we
just require that any fraction of it can be delivered in finite time. In the following definition, we
leave the inclusions D(inl) and D (inr) implicit and simply write, e.g., p : DA for the first case
mentioned above.

Deﬁmtzon 7.2 (Lifting ofRelatlons) Given a relation R : A — B — Prop we define its lift
R" :D*A - D'B— Prop as: u ‘R v if one of the following three options is true:
(1) p: DA, thereis a v’ : DB such that v ~~ v/, and there isa p : Cplg (p1, V').
(2) j: D(EFDA) and »* (o : k) (" (W) [a]) R v),
where {* : D(>*D*A) — »*D*A is defined as
{*(8(x)) = x (n@pv) = Aa:x).0"(p) [a] @) I*(v) [a]
(3) There exist py : DAz : D(>*D*A), and p € (0,1) such that U = 1 ®p i, there exist
v1, v : DYB such that v ~~ v, 69 va, and jy R vy and i R Va.

We then define R : DYA — DB — Prop as:

g RvEVi.(u[k] R . V).
The following is a consequence of the encoding of coinductive types using guarded recursion.

LEMMA 7.3. IfA is clock irrelevant, then R is the coinductive solution to the equation that i R v
if and only if one of the following:
(1) p: DA, thereisav' : DB such that v ~~ V', and there isa p : Cplg (1, V).
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2) p: D(DYA) and run(p) R v.
(3) There exist jiy : DA, pi : D(DYA), and p : (0,1) such that i = py ®, piz, there exist vy, v, : D'B
such that v ~~ v, 69\;, Vg, and [y %vl and i %vz.

The following lemma allows us to use existence of a lifting to prove an inequality between
probabilities of termination, which will be useful when reasoning about contextual refinement

LEMMA 7.4. Let i, v : D'1, and leteq, : 1 — 1 — Prop be the identity relation, relating the unique
element to itself. Then,

yﬁ V= PT(A) (,U) <lim PT(A) (V)
In the remainder of this section, we will prove some useful reasoning principles for working with

R at a more abstract level, without the need for unfolding the definition. These are summarized
in Figure 5, where the double bar indicates that the rule is bidirectional.

vy PR v v v PRV vy PRV
PRV PR v PR v
(step™ ) @, (step®piz) R v p%’( step’(vy 69\:, Va)
step* (A(a:x).(u [a]) @ (2 [a]) R v pR" (step’(v1)) @) (step’(v2))
th R" v I R" v, y%’cv Va,b.aRb — f(a) gxg(b)
(1 @ p2) R (v1 @ v2) F 8" g(v)

Fig. 5. Reasoning principles for r"
First we show that R is invariant with respect to ~» and ~»~-reductions on its second argu-
ment.
LEMMA 7.5. Ifv ~> V' then y%’c viffu RV In particular,u%'( (step™v) iff u R" .
Proor. Left to right follows from Lemma 4.10, and right to left is by Lemma 4.19. ]
LEMMA 7.6. Ifv ~~ v/ and,u%x v/, then also p%’c v.
Proor. This follows from transitivity of ~»~. m]

The lemma below allows us to commute computation steps with probabilistic choices on either
side of a lifted relation:

LEmMMA 7.7. Let R : A — B — Prop.
(1) If g, piz - »¥D¥A, v : D'B then

(step ) @ (step’c,uz)%’c v iff step® (A(a:x).(u [a]) &) (2 [@])) R .
(2) If i : DA and vy, v, : D'B then p%K step” (v 69\;, va) iff R" (step’(v1)) 69\;, (step’(vy)).

Proor. The first statement follows from applying Definition 7.2(2). The second statement fol-
lows from Lemma 7.5. ]
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Liftings are a useful technique to reason about computations because of the way they interact
with choice, and with the monad structures of D¥ and D". First, liftings are closed under choice
operators, which allows us to construct them by parts:

LE/I’?/IA 7.8. Let R : A — B — Prop, and suppose that 11 R v and Mo ‘R v,. Then also (1 &,
H2) R (ve 69\;, v2).

PrROOF (SKETCH) There are 9 cases to consider, one for each of the possible combinations of
cases for jy ‘R" vy and I R" v,. The proof for each of these cases follows quite directly from
the assumptions that we get from R" vy and R" vy, after some rewriting of terms using the

axioms of convex algebras. For example, if j; : DA and for pi; there exist yp; : DA, pa2 : D(>*D*A)
such that piy = p131 ©, pizo, then:

H1 @ piz = p1 ®) (p21 @y pr22) = (pn 69';(1{?)?/ p21) @, (1_p) p Ho2s

where 1y @, o : DAand pyy - D(>*DFA). We can then combine information coming from
p+a-pp”

the assumptions p; R ) vy and R" v, using the same probabilities as above to reach the desired
conclusion. m]

Second, we can prove a bind lemma, that allows us to sequence computations related by liftings.
This lemma will be crucial e.g. in the proof of the fundamental lemma in the following section.

LEMMA 7.9 (BIND LEMMA). Let R : A— B — Prop and S : A” — B’ — Prop.

(1) Iff: A — D¥A’ and g : B — D'B’ satisfy f(a) S g(b) whenever aR b, then for all u : DA
andv : DB, if there isa p : Cplg (y, v), then fp) s g(v).

(2) Iff: A— D*A’ and g : B — DB’ satisfy f(a) gKg(b) whenever aR b, then for all p : DA
and v : DB satisfying p%K 7, also f(p) S g(v).

Proor (SKETCH). The first statement is by induction on the coupling p: Cplg (i, v).

For the second statement, suppose that p R v. By the definition of ‘R", there are three cases to
consider. We only show the first case here. The second case is by guarded recursion, and the third
case follows from the first and second cases.

For the first case, we assume that y : DA, that there exist v; : DB such that v ~»~ vy, and that
there exists a p : Cplg (¢, v1). What we want is to show that i S g(v).

Notice that since the ~~ relation is preserved by homomorphisms (Lemma 4.18), v ~~ 14
implies g(v) ~~ g(v1). By Lemma 7.6 it is therefore enough to show that f(y) s g(v1), which
follows directly from the first statement of this lemma.

O

8 RELATING SYNTAX AND SEMANTICS

In this section we prove that our denotational semantics is adequate with respect to the opera-
tional semantics. The overall approach is standard in that we define type-indexed logical relations
between semantic denotations and terms of the operational semantics, and we define both value
relations and expression (aka term or computation) relations:

5?\/*" : [o]* — Val, — Prop
<&Tm . D¥[o]* — DY(Val,) — Prop

There are two things to note, however. The first is that traditionally it is tricky to define such
logical relations for a programming language with recursive types; see, e.g., [33]. Here we follow
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Value relation

o VAl y gy <eVal gy v <Vl y
n ﬁﬁ’lal n * ﬁf’val O (0,w) <5V (v, w) inlo <Y in|V
v <Vl y Yw, Vaw <5V v o o(w) <5T eval(M[V /x])
. Val . Val
inro <57 inrV v <22 lam x.M
Val
>(a: x).(v]a] 5:[;;(1/XJ V)

o <V fold vV
puX.t
Expression relation

—x
LT A K, Val
p <Em gLy <y d

Fig. 6. Logical Relation.

[28] and simply use guarded recursion (and induction on types), see Figure 6. Notice in particular
the case for recursive types, where guarded recursion is used. The second point to note is that
the definition of the term relation is novel: it is defined as the lifting (in the sense of the previous
section) of the value relation. This allows us to use the reasoning principles associated with lifting
(e.g., Lemmas 7.5,7.8 and 7.9) in proofs and examples.

We extend the expression relation to open terms in the standard way by using related environ-
ments and closing substitutions:

Definition 8.1. For M, N : Tm_ we define

—0

M<K N2 (vp, 5.(p <V 5) — [M]E <&™ eval(N[5]))

Here § is a closing substitution for ' and p : [T]* an environment, and p ﬁ?’val 6 denotes that for

every variable x of T the corresponding semantic and syntactic value in p and § are related.

One can now show that the logical relation is a congruence and that it is reflexive (the funda-
mental lemma holds). Both these are proved by induction on C and M respectively.

LEMMA 8.2 (CONGRUENCE LEMMA). For any terms M, N : Tm_ and every context C : (T + o) =
(A + 7) we get that
M <8N — C[M] <2 C[N]

LEMMA 8.3 (FUNDAMENTAL LEMMA). For all M : TmL we have that M 5§’r M.

To prove soundness of the logical relation for contextual equivalence, it only remains to relate
it to termination probability at the unit type. To begin, we use our logical relation to prove Theo-
rem 6.1 presented in Section 6:

ProOF oF THEOREM 6.1. Recall that our goal is to show that PT ) (eval M) =i, PT(([M]) for

any M : Tm,. One direction follows directly from Lemma 8.3: Since Vx.[M]* <™ eval M, by
Lemma 7.4 also PT()([M]) <im PT()(eval M). For the other direction, we define an alternative
denotational semantics (—)), which agrees with [-] on types and most terms, but which uses the
same steps as the operational semantics, so for example,

(MN)y, = (M), >>=" Af.(N)}, >>=" dv.step® (A(a:k).fv)
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and similarly for the interpretation of elimination for sum types. Since the steps agree, it is easy
to show the following soundness result for (—): For any well typed closed expression - + M : o we
have that

DK(Q—DvaI’K) (eval*M) = (M)*
and as a consequence PT()(eval M) = PT(((M)). Finally, we construct a logical relation on the
denotation of types to show that PT()((M)) <jm PT()([M]). O

As a consequence, the logical relation implies relatedness of the termination probabilities.
COROLLARY 8.4. For any M,N : Tm, we have that

(Vi [M]* 5T’Tm eval(N)) — PT((eval(M)) <jim PT(,(eval(N))

ProoF. By Lemma 7.4, PT()([M]) <im PT()(eval(N)), and so the result follows from Theo-
rem 6.1. O

Combining this with the Congruence Lemma, we get that the logical relation is sound with
respect to contextual refinement:

THEOREM 8.5. Forany termsI' v M : o andT + N : o we have
(V.M < N) - M <cx N
As a corollary, we obtain computational adequacy (using the notation [M] £ Ak.[M]*):

THEOREM 8.6 (ADEQUACY). Let M, N be terms of the same type. If [M] = [N] then M =ci N.

Proor. By Lemma 8.3 we have Vk.N §§,F N, since k is free in the statement of the lemma. So,
since [M] = [N] also Vi.M <& N. By Theorem 8.5 then also M <ct, N. The other direction is
symmetric. O

9 EXAMPLES

We now give a series of examples to illustrate how Theorem 8.5 can be used for reasoning about
FPCg. All the examples presented are variants of similar examples in the literature [1, 8]. Our
point is to show how these examples can be done in constructive type theory, and to illustrate the
simplicity of these in our abstract viewpoint. We choose to work directly with the logical relation
<" between syntax and semantics. An alternative could be to use a relation on denotational
semantics, as the one used in the proof of Theorem 6.1. One could have also defined a relation
directly from syntax to syntax, but the additional steps in the operational semantics would have
cluttered the proofs. We return to this point in Remark 3.
We start by showing that the reduction relation ~» is contained in contextual equivalence.

THEOREM 9.1. Let M and N be closed terms of the same type o.

(1) Ifeval M ~> eval N, then M =ci N.
(2) Ifeval M ~~ eval N, then N <cx M.

ProoF. For (1), by Lemma 7.5, p <5¥2' eval M if and only if g <"* eval N. By Lemma 8.3

Vi [M]* <Y eval M, so V. [M]* <5¥* eval N, and so by Theorem 8.5 also M =ci N. The
other way is similar. The second statement is proved similarly using Lemma 7.6. O

For example, since eval(Yf V) ~» eval(f(Yf)V), also Yf V =cix f(Yf) V. Similarly, since
eval((lam x.M) V) = step’(eval(M[V /x])) ~> eval(M[V /x])
eval(unfold (fold V)) = step’(V) ~» V
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for closed values V and lam x.M, we get the usual call-by-value f rules up to contextual equiva-
lence.

9.1 A hesitant identity function

For any type o and rational number p : (0, 1), define the hesitant identity function hid, : ¢ — o
as

>

hid,
hid, = lam f.lam x.choice? (x, fx)

lam z.Y hid;) z where

Given an x, hid, makes a probabilistic choice between immediately returning x and calling itself
recursively. We will show that hid, =c id, starting with id <c¢ hidp.
Since hid,, is a value, it suffices to show that

8 (v) <&™ eval(hid, V) (9)

for all o, V satisfying o ﬁﬁ’val V. Now, eval(hid, V) ~ eval(Y hid;, V), and by definition of Y,
Y hid}, reduces in one step to a value, which we shall simply write Whq,p for. To prove (9) it therefore
suffices to prove

8 (v) <& eval(Whigp V) (10)
Since the reduction eval(Y hidj, V) ~ eval(hidj (Y hid}) V) factors through Whqp V it follows that
eval(Whidp V) ~ eval(hid;, (Y hid,) V)
~ eval(hid;j Whidp V)
~> eval(choice? (V, Whigp V)
=68V GB\;, eval(Whigp V)

By Example 4.16 then eval(Whig, V) ~~ 5YV, so that (10) follows from Lemma 7.6.
To prove hid, <ci id, since hid}, is a value, it suffices to show that

[hid,[Y** (o) <&™™ §Y(V) (11)

for all v, V satisfying v <Vl y, Using (8) we compute

[hidp]"**(2) = [¥(hid}) 2],
= A*[hid, (Y (hid})) 2%,
= A¥[choice? (x, F)I%, 1 e
= A*(8%v @) [hid,["*"* (0))
so that (11) is equivalent to
>*(8%0 @) [hid, ] (0) <5™ 5(V)) (12)
and can therefore be easily proved by guarded recursion using Lemma 7.7.

REMARK 3. Note the benefit of having the denotational semantics on the left hand side of the re-
lation in the example above: Unfolding (11) only leads to a single (outer) »* in (12). Had we used
operational semantics on the left hand side, the unfolding would have been cluttered by additional
steps intertwined with probabilistic choices. On the right hand side, the additional steps disappear by
the use of ~».
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9.2 A fair coin from an unfair coin

A

Define bool £ 1 + 1 referring to the elements as tt and ff. A coin is a program of the form
choice? (t, ff) : bool for p : (0,1). A coin is called fair if p = %

Given a coin, one can encode a fair coin as follows: Toss the coin twice. If the results are different,
return the first result, otherwise try again. This idea can be encoded as the FPCg term efair:

efair, = Y(efair}) : 1 — bool
efair;) £ lam g.lam z.let x = choice? (tt, ff)
let y = choice (tt, ff)
if egbool(x,y) then g(z) else x

We now prove that this indeed gives a fair coin.

THEOREM 9.2. efair,() is contextually equivalent to choice? (tt, ff)
ProoF. Let Wefairp be the value that Y(efairl’o) unfolds to. Unfolding definitions shows that
eval(Wefair,p () ~ (eval(Wefair,p()) 69\;7 5vtt) 69\;7 (5vﬁ: 69\;; eval(Wefair,p()))

= (8"t eaé 8Yt6) @, (1) eval(Wefairp())

From this, it follows that eval(Wefair,p () ~>~ 5V(t't)€BVl 8Y(ff) as in Example 4.16, and since eval(efairp()) ~
2
eval(Wefair,p ()), also choice? (tt, ff) <cix efairy() follows from Theorem 9.1.

On the other hand, to show efairp() =<cix choice? (tt,ff), since efair, ~»> Wetair,p, it suffices to

show that [Wefair,p ()]* ﬁE;T eval(choice? (tt, ff)). Computing
[Wetairp O] = A" [efairy, (Y efair,) ()]

= A¥ [[efairl'O Wefairp )]°
= A (([Werep 01" @ (1)) @} (5°(8) @} ([Weraep O1°)) )
= A¥ ((5"(&) @’g 5K(ff)) @gp(l_p) [Wefair,p <>HK>

So that [Wefair,p ()]* ﬁgoToT eval(choice? (tt, f)) is equivalent to

> ((8(t) @ 6°(1)) @%1_) [Wetanp OIF <57 eval(choice? (1t )
and can therefore be proved by guarded recursion. ]

9.3 Random Walk

The next example, inspired by [1], is an equivalence of two random walks. We represent a random
walk by its trace, which is a potentially infinite list of integers. In a call-by-value language such
terms are best implemented as lazy lists. We define an FPCg type of these as

LazyL = pX.1 +Nat x (1 — X)

as well as a familiar interface for programming with these in Figure 7.
Using these we can define a lazy list processing function 2nd : LazyL — LazyL, returning a lazy
list that contains every second element of the argument. Define 2nd £ Y(Gang) where

Gond : (LazyL — Lazyl) — LazyL — LazylL
Gond = lam g.lam l.case(unfold (1), x.nil, (n, f).n :: lam y.g(tI(f({}))))
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nil : LazyL tl: LazyL — LazyL

nil = fold (inl ({))) tl = lam l.case(unfold [, x.nil, (n, £).f ({)))
hd : LazyL — Nat +1 — = —:Nat - (1 - LazylL) — LazyL

hd = lam l.case(unfold [, x.inr (), (n, f).inl n) — = — 2 lam n.lam f.fold (inr (n, f))

Fig. 7. Lazy List Interface

For this example, we consider two random walks: a classical random walk R; : Nat — Lazyl,
which in each step takes a step up or down, each with probability %, and a sped-up version Rj :
Nat — Lazyl, which stays put with probability % and otherwise takes two steps either up or
down. Define these as

Ri = Y(Gg,) Rz = Y(Gg,)
where
Gg, = lam g.lam n.n :: lam y.ifz(n, nil,choice% (g(n—1),g(n+1)))
Gg, = lam g.lam n.n :: lam y.ifz(n, nil, choice? (g(n), choice? (g(n—2),g9(n+2))))
Intuitively, R; is just R; at double speed. The following theorem makes this intuition precise.
THEOREM 9.3. For all n : N we have that 2nd(R1(2n)) =cix R2(2n).

ProoF (SKETCH). Let Vg,, Vg, and Vinq be the values that Ry, Rz and 2nd reduce to. It suffices

to show that Vn4(VR, (2n)) =cix VR, (2n). We just show [Vand(VR, (2n))]* ﬁgz';l eval(Vg,(2n)) by

guarded recursion, omitting the other direction, which can be proved similarly. We focus just on
the case of n > 0, which is the harder one. Unfolding definitions shows that

[Vand(Vr, (20))]* = (A%)° (8" (next* (inr (21, A_Wg,))))
where
We, = ([[Vznd(tI(VRl(M)))ﬂ" G [[Vznd(tl(VRl(M)))ﬂ")

Similarly,

eval(Vg,(2n)) ~» fold (inr (2n, lam y.ifz(2n, niI,choice% (W, (2_n),choice% (WR,(2n—=2), Vg, (2n+2))))))

So showing [Vand(Vg, (2n))]* ﬁf;;;}_ eval(Vg,(2n)) easily reduces to showing

> (Wr, ﬁf;TZr;L eval(choice% (W&, (2n), choice? (WR,(2n=2), Vg, (2n+2))))) (13)

Since 2n — 1 > 0, unfolding definitions gives
[Vana 81V, (20=D)]* = (A ([Vana (Vi (2n=2))[* & [Vana Vi, (21)]")

[Vana 81V, (2t D) = (A)? ([Vana (Ve, (20)]* & [Vana(Vi, (20=2))]")

so by Lemma 7.7 (13) is equivalent to

[Vana(Ve, (21)[* @5 ([Vana (Vi (20=2)]" &5 [Vana (Vi, (2n+2))])

CON

<5 eval(Ve, (2m) @] (eval(Vk, (20-2)) & eval(Vk, (2n+2)))
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which follows from the guarded induction hypothesis and Lemma 7.8. O

REMARK 4. Note again how working with denotational semantics simplifies this proof. This enables
us to take two steps in the walk defined by Vg,, collect all outcomes, and couple them with the outcomes
of a single step of Vg,. Other coupling-based logics like [1] require specialized rules to deal with these
two-to-one couplings but in our setting it is just a simple consequence of our definitions.

10 RELATED WORK

We have discussed some related work in the Introduction and throughout the paper; here we
discuss additional related work.

In this paper, we have shown how to use synthetic guarded domain theory (SGDT) to model
FPCg. SGDT has been used in earlier work to model PCF [32], a call-by-name variant of FPC [28],
FPC with general references [35, 36], untyped lambda calculus with nondeterminism [29], and
guarded interaction trees [18]. Thus the key new challenge addressed in this paper is the modelling
of probabilistic choice, in combination with recursion, which led us to introduce (guarded) convex
delay algebras.

In previous works on SDGT models of PCF and FPC, the logical relation between syntax and
semantics required a 1-to-1 correspondence between the steps on either side. The previous work
on nondeterminism [29] is in some ways closer to our work: To model the combination of non-
determinism and recursion in the case of may-simulation, it uses a monad defined similarly to D*,
but for the finite powerset monad, rather than distributions. It also uses a logical relation between
syntax and semantics, which similarly to ours is a refinement relation. The theory developed for
D" here, such as the ~» relation, and the lifting of relations using couplings is new. The applications
are also different: Here we use the relation to reason about contextual refinement whereas in op.
cit. it is used for proving congruence of an applicative simulation relation defined on operational
semantics.

The use of step-indexed logical relations to model the combination of probabilistic choice, re-
cursive types, polymorphism and other expressive language features has also been explored in [2,
8, 19]. These papers use an explicit account of step-indexing, and rely on non-constructive mathe-
matics to define their operational semantics and to prove their soundness theorems. Our approach
is constructive, and our use of SGDT eliminates the need for explicit manipulation of step indices.
Moreover, their logical relations are defined purely in operational terms.

Applicative bisimulation for a probabilistic, call-by-value version of PCF is studied in [13]. This
work defines an approximation-based operational semantics, where a term evaluates to a family of
finite distributions over values, each element of the family corresponding to the values observed
after a given finite number of steps. This is reminiscent of our semantics, although in op. cit. the
approximation semantics is then used to define a limit semantics using suprema.

Probabilistic couplings and liftings have been a popular technique in recent years to reason
about probabilistic programs [5, 6], since they provide a compositional way to lift relations from
base types to distributions over those types. To the best of our knowledge, our presentation is
the first that uses constructive mathematics in the definition of couplings and the proofs of their
properties, e.g. the bind lemma. Our definition of couplings is also asymmetric to account for the
fact that the distribution on the left uses guarded recursion. This is similar in spirit to the left-
partial coupling definition of [19], where asymmetry is used to account for step indexing.

In this paper, we model the probabilistic effects of FPCg using guarded / co-inductive types. In
spirit, this is similar to how effects are being modeled in both coinductive and guarded interaction
trees [18, 43]. Coinductive interaction trees are useful for giving denotational semantics for first-
order programs and are defined using ordinary type theory, whereas guarded interaction trees
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can also be applied to give denotational semantics for higher-order programs, but are defined
using a fragment of guarded type theory. Interaction trees have recently been extended to account
for nondeterminism [9] but, to the best of our knowledge, interaction trees have so far not been
extended to account for probabilistic effects.

11 CONCLUSION AND FUTURE WORK

We have developed a notion of (guarded) convex delay algebras and shown how to use it to define
and relate operational and denotational semantics for FPCg in guarded type theory. To the best of
our knowledge, this is the first constructive type theoretic account of the semantics of FPCg. The
denotational semantics can be viewed as a shallow embedding of FPCg in constructive type theory,
which can therefore be used directly as a probabilistic programming language. Our examples show
how to use the relation between syntax and semantics for proving contextual equivalence of FPCg
programs. The use of denotational semantics for these simplifies proofs by using much fewer steps
than the operational semantics.

Future work includes combining and extending the present work with the account of nondeter-
minism in [29] and to compare the resulting model with the recent classically defined operationally-
based logical relation in [2].
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A OMITTED PROOFS

This appendix contains proofs omitted from the main text to be used in the review process.

Section 2

Proor oF LEMMA 2.1. The canonical map A — Vk.A maps a to Ak.a. The map defined by ap-
plication to the clock constant k, defines a left inverse to this map. It suffices to show that this
is also a right inverse, i.e., that a [k] = a[ko] for all a : Vk.A and all k. Since the canonical map
B — Vk.B is assumed to be an equivalence, and application to k; is a left inverse, it must also
be a right inverse, so the corresponding property b [k] = b [ko] for all b : Vk.B. Applying this to
b = Ak.i(a [k]) we get i(a[k]) = i(a [Kko]), which by assumption implies a [«] = a [x,]. O
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Section 3

Proor oF LEMMA 3.4. Let D’ (Fin(n)) 2 X(f : Fin(n) — [0,1]).sum(f) = 1, and note that this
carries a convex algebra structure as well as contains Fin(n) via a dirac map & both defined in the
standard way. We show that this is free by induction on n. In the case of n = 0, clearly D’ (Fin(0))
is empty, and so the case follows. For the inductive case, let n be the element of Fin(n+1) not in the
inclusion from Fin(n). Given f : D’(Fin(n + 1)) we must define g(f). By decidability of equality
for [0, 1], we can branch on the values of f(n). If f(n) = 0, then f is in the image of the obvious
inclusion from D’ (Fin(n)), and so g(f) is defined by induction. If f(n) = 1 then f = §(n) and so
g(f) must be g(n). Finally, if f(n) = p € (0,1), then f = 5(n) ®, f’ for some f’ : D' (Fin(n)). By
induction we get g(f’) and so can define g(f) = g(n) ®, g(f’).

To prove that g is a homomorphism, suppose we are given f : D’ (Fin(n+1)) and h : D’ (Fin(n+
1)). There are nine possible cases of f(n) and h(n) and we just show the case where f(n) = q and
h(n) = r.In that case f = §(n) &, f’ and h = 6(n) &, h’ for some f’,h’ : D’(Fin(n+1)). From the
axioms of convex algebras, one can compute, given p,q,r : (0, 1), probabilities p’, ¢’, r’ such that
(a®qb) @) (c®rd) = (a®y c) &y (b d) holds for all a, b, ¢, d in any convex algebra. We use
this to get

9(f & h) =9(8(n) &y (f" & h'))
=g(n) &y g(f & 1)
=g(n) &y (9(f") & g(h))
= (9(n) ®¢ g(n)) &y (G(f") & g(h"))
= (9(n) & 9(f")) & (9(n) & g(1))
=9(f) & g(h).

Using the induction step to conclude g(f’" @ h") = g(f’) &, g(h’) in the third equality. m]

In constructive mathematics, a set is said to be Kuratowski-finite if it is the codomain of a bijec-
tion from a set of the form Fin(n). The distributions of D (A) satisfy a similar property.

LEmMMA A.1. For any u : D(A), there exists ann : N, a map f : Fin(n) — A, and a distribution
v : D(Fin(n)) such that p = D(f)(v)

Proor. This is proved by induction on p. In the case of §(a) take n = 1 and f the constant
map to a. In case of u @, y’ we get by induction n,n’, f : Fin(n) — A, f" : Fin(n") — Av :
D(Fin(n)),v' : D(Fin(n")) such that p = D(f)(v) and i = D(f)(v'). Set m = n+ n’ such that
Fin(m) = Fin(n) + Fin(n’), define p 2 D(inl)(v), p’ = D(inr)(v') and g : Fin(m) — A to be the
copairing of f and f’. Then D(g)(p &, p’) = p &, }t'. mi

To prove Theorem 3.6, we first prove a lemma:

LEMMA A.2. The types D(A+1) and 1+ [0,1) X DA are equivalent.

ProoF or LEMMA A.2. Using the classical definition of 9 in terms of finite maps, the equiva-
lence D(A+1) — 1+ [0,1) X DA would map f to x if f(x) = 1 and otherwise to the pair
(f (%), ﬁ -g) where g is the restriction of f to A. In the special case of A = Fin(n), by Lemma 3.4,
we can indeed define the equivalence like that and prove it an equivalence, also in CCTT. If we do
that and transport the convex algebra structure from D (Fin(n + 1)) to 1+ [0, 1) X D(Fin(n)) we
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get a structure satisfying the following equalities.
* @) * = x
(g ) ®p * = (pq+ (1 =p), )
*®, (r,v) = (p+(1-p)r,v)
(g 1) ®p (r,v) = (pg+ (1 =p)r,p e . v)

p(1-q)+(1-p)(1-r)

To prove the general statement, we will define a convex algebra on 1+ [0, 1) X DA using the above
equations, and prove that it defines the free convex algebra on A + 1.

First, to see that the convex algebra operation satisfies the axioms of convex algebras, we use
the fact that it does so in the case of A = Fin(n). To prove transitivity, for example, there are 8
cases to consider. One of them is

((rop) @ (5.1) @ (1.) = (rop) @pq ((5:7) @491 (1)) (14)

for given p,q,r,s,t : [0,1) and g, v,p : D(A). By Lemma A.1 there exists an n, and p/,v",p’ :
D(Fin(n)) as well as f : Fin(n) — A such that g = D(f)(¢'), v =D(f)(V') and p = D(f)(p’).
(The lemma gives three different n, and different functions f but we can find a common domain as
n+n+n as in the proof of Lemma A.1). Now, since (14) holds for i/, v/, p” we can apply [0, 1) X D (f)
to both sides and get (14).

To see that this defines the free convex algebra structure on A+ 1, suppose B is a convex algebra
and f : A+1 — B.Letg : DA — B be the unique extension of the restriction of f to A, and define
the extension f of f by the clauses

F0) 2 f(%) Fp.p) = F%) @) g()

if p > 0 and g(y) if p = 0. To show that this is a homomorphism, we must consider four cases. One
is

fl(gp) @ (r,v) = f(q.p) & f(r,v))

where (assuming g, r not zero) the left hand side unfolds to

f(x) Dpg+(1-p)r g(p 69( pli-q) ) V)

p(1-q)+(1-p)(1-r)

= (%) ®pg+(1-p)r g(#)GB( p(-q) )g(V)

PU=q)+{T=p)(1-1)
and the right hand side to
(f(%) @ g(1) ®p (f (%) ®r g(v))

and now the case is easily verified using the technique of Theorem 3.5.
Finally, to show uniqueness, suppose h : 1+ [0,1) X DA — B is another homomorphism

extending f. Then clearly k(%) = f(x) = f(%), and since Ay.(0, 1) is a homomorphism from DA
to 1+ [0,1) X DA, we also get

h(0, 1) = g(u) = F(0. 1)
by induction on . So finally since (p, 1) = * &, (0, 1) also h(p, p) = f(p, p) for any (p, ). m]

We can now prove the more general theorem.
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PROOF (SKETCH) OF THEOREM 3.6. Since the domain and codomain are both sets, it suffices to
prove that f is both surjective and injective.

To prove surjectivity, suppose p : D(A+B). We show that y is in the image of f by induction on
. The case of i being a Dirac distribution is easy. In the case of a sum y @, v, one must consider
the 9 cases of the induction hypotheses for y and v. Here we just do the case where i = pa ®4 pip
and v = v4 @, v, omitting the D(inl) and D(inr). Let p’,q’,r’ be the unique elements in (0, 1)
such that

(a®qb) @y (c®rd) = (a®y c) &y (b d)

holds for all a, b, ¢, d. Then

(ha ®¢ va) ®p (uB ® vB) = (A ©q pB) p (VA ©r VB)

To prove injectivity, there are 8 cases to cover. Suppose for example that ps ®, up = va ®4 v
for pa, va : D(A) and pp, vg : D(B). Then also

pa ®p (x) = D(A+!) (pa ®p piB)
= D(A+!)(va &4 vB)
=vAPyq (%),

which via the equivalence of Lemma A.2 allows us to conclude that p = ¢ and p4 = v4. Similarly,
we can prove that pg = vg. The other seven cases are similar. ]

Alternatively, one can prove Theorem 3.6 directly by constructing a convex algebra structure
on the 3-fold sum. Proving Lemma A.2 first reduces the number of cases for associativity from 27
to 8.

Section 4

Proor or LEMmMA 4.10.

(1) By induction on n. For n = 0, note that run"v = v. So the statement simplifies to v ~> v,

which holds by definition. For n = n’ + 1, we consider the different cases for v.

e If v = §7, then run"v = v and the statement holds by definition.

o Ifv= stepvv’, then we know v ~» v’ by definition of ~». In addition, run™v = run™v’, and
we know from our IH that v/ ~> run” v’. Hence by transitivity of ~»: v ~» run™v.

o Ifv=1v GB\;, vy, then run™v = run™v, GB\;, run"v,, then we may assume that v; ~» run"v; and
vy ~ run"v,. Then by the choice axiom of ~» also: v ~» run"v; 69\;, run"vy = run”(v; GB\;,
vs) = run"v.

(2) By induction on ~».
e For the base case v = v/, the statement is trivial.

e Forv = stepvv’, it follows trivially that run®y ~ run®y’. For n > 1, we have run™v =

run""1v’. By the first part of this Lemma, run®™'v' ~» run(run™"!v') = run™v".
o If there is a v/ such that v ~ v and v/ ~» v/, then by induction we may assume that

run™v ~ run™v"” and run™v” ~» run™v’. Then by transitivity of ~» also run™v ~» run™v’.
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e Lastly, if v = v 69\; vy and v/ = v} 69\; v, such that v; ~ v] and v, ~» v;, then by induction
we may assume that also run"v; ~> run"v], and similarly for v; and v;. Then also:
n,, _ n \4
run”v =run" vy GBP Va
= run"v; GB\:, run"v,

~ run"v] 69\;, run”v,

n.r AV n s
run-v, GBP run-v,

runv’

(3) By induction on ~».
e The base case for v/ = v is trivial.
e Forv= stepvv’, we have that run!v = v/, and hence v/ ~» runlv.
o If there is a v”/ such that v ~» v and v/ ~ v/, then by induction there is an m; such
that v/ ~ run™v and there is an m; such that v/ ~> run™2v”. Then the second part

of this lemma, also run™v” ~» run™run™v = run™*™y and hence by transitivity:

v ~> run™tmy,

e Lastly, if v = v 69\;, vzand v’ = v] 69\;, v, such that v; ~ v and v, ~» v, then by induction
there is an m; such that vi ~ run™v; and an m; such that v; ~> run™v,. Let n =
max(my, my). Then by the first part of this lemma: v{ ~> run"v; and v, ~> run”v,. So then
also v/ ~» run™v.

O

Proor oF LEMMA 4.13. By induction on ~»:

o The first base case is obvious by reflexivity.
e For the second base case, note that:

f(step™v) = step"(f(v)) ~ f(v)

e If v ~ v’ came from the transitivity axiom, then there is a v’ such that v ~ v and v’ ~» v'.
By the induction hypothesis we know that then also f(v) ~ f(v"”) and f(v"') ~ f(V').
Then by transitivity of ~»: f(v) ~ f(v').

eIfv = v 69\; vy and v/ = v} 69\;, v,, where v; ~> v and v; ~ v,, then by the induction

hypothesis: f(v;) ~» 7(1/1) and f(vy) ~ 7(1/;). Then:
f) = f & v2)
= (f(n) &), (f(v2))
~ Fo) & Fp)
=f(vi @) v)
=f)

Proor or LEMMA 4.14.

(1) For the first statement, we prove that PT,(v) < PT,41(v) by induction on n. For n = 0, we
do a case analysis of v:
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e Ifv = §Ya, then by definition PTy(6Ya) = 1,and PT;(8Ya) = PTy(run(8Ya)) = PTo(8a) = 1.
So in this case we have equality.
e If v = step”1’, then by definition PT,(step'v’) = 0 and PT;(step"v’) = PTy(run(step™’)) =

PTo(v') > 0.
e Ifv=1y 69\;, vy, then we may assume that PT(v;) < PT;(vq) and PTo(v;) < PT(v2). Then
also:

PTo(v1 @), v2) = PTo(v1) &), PTo(v2)
PT1(v1) @), PT:(v2)
PTo(run(v1)) &), PTo(run(vz))
= PTo(run(v; GB\;, v2))

IA

= PT1(V1 69\;; Vz)

For n = n’ + 1, notice that PT,41(v) = PT,(run(v)). We again go by case analysis of v:

o If v = 6"a for some a : A, then PT,(8%a) = PT,41(6%a) = 1.

o If v = step”V/, then PT,(step™V’) = PT, (run(stepv’)) = PT,(v'), and PT,;(step'v’) =
PT,(run(step’v’)) = PT,(v’). By the induction hypothesis for n, we know that PT, (v") <
PT,(v'), and hence PT,(step”v’) < PT,;1(step™’).

o Ifv=1, 69\;, vy, then PT,, () distributes through the sum and via a similar reasoning as above
we get to the conclusion.

(2) The second statement of this Lemma we also prove by induction on n. For n = 0 we go by
induction on ~».

o If v = v/, then the statement is trivially true.

e If v = step”V’, by definition PTo(v) = 0, and hence: PTo(v) < PTo(v").

o If there is a v’ such that v ~ v and v/ ~» v/, then by the induction hypothesis we
have PTy(v) < PTo(v"’") and PTo(v”") < PTo(v'). Then by transitivity of <, we also have
PTQ(V) < PTQ(V/).

e Lastly, if v = v; 69\;, vy and V' = v} 69\; v, such that v{ ~ v{ and v; ~ vj, then by the
induction hypothesis we have PT(v1) < PTo(v}) and PTy(vz) < PTo(v;). Then:

PTo(v) =p - PTo(v1) + (1 = p) - PTo(v2)
<p-PTo(v)) + (1= p) - PTo(vy)
= PTQ(V/).

For n > 0, we use that PT,(v) = PTo(run"v). By Lemma 4.10, we know that v ~> v/ implies
run™v ~> run™’, and hence by the above PTo(run"v) < PTo(run™’), which means that
PT,(v) < PT,(V).

(3) The third statement is proven by induction on ~».

o If v = v/ then we use reflexivity of =jy,.

o If v = step”v’. Let n: N, ¢ > 0. Then, by definition we have PT,(v') = PT,(v) <
PT,+1(v) + ¢ 50 PT(y (V') <iim PT()(v). On the other direction, by monotonicity we have
PTo(v) < PTpu(v) = PTp(v') < PTo(V') + & 50 PT()(V) <iim PT()(V').

o If there is a v'* such that v ~» v and v/ ~ v/, then we apply the induction hypothesis
and transitivity of =j,.

o Ifv=1 GB\;, vy, V' = V] GB\;, vy, V1~ Vi, and v, ~> v, then we apply the induction hypothesis
and Lemma 4.8.

i
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Proor or LEMMA 4.17.

(1) For reflexivity, note that ~» is reflexive and that for all v: DA and all p € (0,1),v=v GB\;, V.
We hence have: v ~ v 69\; v, proving that v ~>~ v,

(2) For transitivity, suppose that v ~»~ v; and v; ~~ v,. We need to show that v ~~ v,. By
definition, we have that for all p, g € (0, 1) there exist v{, v, such that:

Vo vlea\;,v;

\ 2
vlf\»vz@qu

and so:
Vo vy 69\;, 4
~ (v2 69\; v3) 69\; Vi
\4 PN ’
~ V2 8y (V3 ®p-pq V1)
1-pq
Given any r € (0,1), we can pick p = 12’ and q = ;f = 1% We then have:

v vy @) (Vh @y V),

-
proving that indeed, v ~~ v,.

(3) Since step’v ~> v, we again use v = v GB\;, v to show that for all p € (0,1): step™v ~> v GB\;, 14
and hence step’v ~>~ v.

(4) Regarding probabilistic choice, suppose that v; ~»~ v and v, ~~ v;. Then, for all p € (0, 1),
we know that there exist v;" and v such that v; ~» v] 69\;, v{ and vy ~ v, 69\;, vy'. Then, for
any q € (0,1):

vy EBY] Ve ~ (V] EB\:, vi) 69\; (vy EB\:, vy)
= (v 69\; V) 69\; (vy 69\; vy)
Hence for all p € (0,1) we have a v’ (namely v/’ 69\; v,') such that v 69\; vy~ (V] 69\; vy) 69}/, v,
so indeed: v; 69\; vy ~F V] 69\; vy
O

ProOF OF LEMMA 4.18. We are given that v ~»~ v, That is, for all p € (0, 1), thereis a v"’ : D'A
such that v ~ v/ 69\; v"’. By Lemma 4.13, the bind operation preserves the ~» relation, and hence:

f) ~ F/ &) v")
=f(v) &, F(),
and hence ?(v) ~% ]_‘(v’). O

ProoF oF LEMMA 4.19. For the first statement, if v ~» v; then we use that for all p € (0,1):
Vi=W" 69\; v, and hence for all p € (0,1): v ~ 1 GB\;, v1, proving that v ~~ vy,

For the second statement, suppose v ~» vy and v; ~>~ v,. Then, for all p € (0, 1), there exists a
v, such that v; ~ v, GBZ, V,. So by transitivity of ~»:

vV~ V

~> vy 69\; Vg,
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which shows that v ~»~ v,. (Alternatively: use the first part of this lemma to conclude that v ~~ vy,
and apply transitivity of ~~.)

For the third part, suppose v ~~ v; and v; ~> v,. Then, for all p € (0, 1), there exists a v{ such
that v ~ 1, 69\;, v{. So by the transitivity and sum rules of ~»:

Vv 69\; Vi
~> vy 69\;, Vi
which shows that v ~~ v,. (Again, this also follows immediately from the first part of this lemma

and transitivity of ~~.) m]

Proor oF LEMmA 4.20. Suppose that v; ~»~ v,. Let us first prove that PT()(v1) <im PT()(v2).
Let n: N and ¢ > 0. We can assume wlog. that ¢ < 1, otherwise the proof is trivial. By definition
of ~»~, there exists v3 : DA such that v; ~> v, ea\zl_g) vs. Then, by Lemma 4.14. we have:

PT,(vi) < (1—¢) - PTp(ve) +&-PT,(v3) < PTp(v2) +¢

Now we will prove PT()(v2) <iim PT()(v1). Again, let n: N and 0 < ¢ < 1. Then there exists
vs : DYA such that vy ~> v, GB\:_é v3. By Lemma 4.14 PT(y (v, GB\:_£ v3) <iim PT()(v1), so there exists
2 2
m such that

£

(1- g) PTo(va) + =

PT,(vs) < PTr(v1) +§

And therefore,

£

£ ¢ €
PT,(v2) < PTp(v1) + 2t3 (PTr(v2) = PTp(v3)) < PTp(vq) + 2*3

This concludes the proof.
Section 5
Proor oF ExaMpLE 5.1. Let
Ey £ A(lam x.M).step®(A(a : k).eval*(M[V /x]))
Note that
eval®(Yf) = A"(eval“(lam x.(er(fold ef))x))
and
eval“(er(folder)) = (A%)3(eval®(f(lam x.(er(folder)x)))
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Therefore,

eval*((Yf)(V)) = (AK)Z(evalK(ef(fold er))V))
= (A%)(eval®(f(lam x.(er(folder)x)) >=" Ey)
_ (A%)°(8*(f) >>=" A(lam Z.P).eval*(lam x.(ef(fold ef)x))
>>=" AU.A*(eval*(P[U/z]) >>=" Ey))
~ (A)*(8°(f) >>=" A(lam Z.P).A* eval*(lam x.(er(fold er)x))
>>=" AU.N*(eval®(P[U/z]) >>=" Ey))
(A®)*(8°(f) >>=" A(lam Z.P).eval*(Yf)
T 552K AU.A%(eval*(P[U/z]) >>=" Ey))
= (M%) (eval*((f(Yf))) >=" Ev)
= (M) (eval*((F(YF)) (V)

This completes the proof.

Section 6

ProoF oF LEMMA 6.2. We proceed by induction on term derivations.
Case: M =x
Then

Vs = VI = By

Case:T+lamxM : 11 = 1
Assume without loss of generality that y # x. Otherwise, use an a-equivalent term where this
condition is true. Consequently, we have that

[lam x.M' [V /y]]5 = 8" ([lam x.(M’ [V/y])HXaI,K)
=0 (Mo [[Tl]]x).[[M'[V/y]]];x'_m)

=5 (A(o [ IMT xm)

pxo,y—[V]

=5(m M Val,x
([[ am x ﬂp’yHﬂVﬂXal,x)

= [lam x.M’]*
[[ ﬂp.y»—> [[V]]Xa[,x
Case: M = MN

We have that

[(M N[V /x]]% = [MIV /x]]5 >>=% Af.IN[V/x]]5 >>=" Ao.fo

= [[M]];,XHHV]]XM'K >>=" Af. [[NHZ,XH[[V]]XZ"K >>=" lv.fo

= [M N]*
[[ ﬂp,x._) HV]]XaI,K
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Case: M = fold M’
We have that

[fold M’ [V/x]]% = D(next*) ([[M’ [V/x]]]g)

= D(next") ([[M ]]p,xH[[V]]Xa"")
= [fold M ]]p

X [[V]]Xa[‘x

Case: M = unfold M’
We have

[unfold M'[V/x]]}, = [M"[V/x]]}, >>=" Av.step® (Aa.6" (v][a]))
= [[M,]]Z,x»—»[[v]]xa"" >>=" lo.step(Aa.6" (v[a]))
= [unfold M,H;,x.—)[[v]]f'“
Case: M = choice?(Ny, N;) We have
[choice? (N1, N2) [V /x]]}; = [N:[V/x]]}; @5 [N2[V/x]]
= [N vy B [NeDp s
= [[ChOiceq(Nth)]]f,,x,_)[[Vﬂz
The remaining cases are similar. ]
PrOOF OF EQUATION (8). Note that f is a value by assumption and Y as well as e are values by
definition. Let p = x > 0, and write A for step” o next”. Let also [M]}; e [N] be shorthand for
[M]5 >>=" Af.[N]§ >>=" Av.fo. Then we have:
[y f x5
=Y fI5 « [xI5
= [ef(fold (er )]} o [
= [let y’ = unfold (fold ef) in f(lam x.(y' (fold er))x) ]}, ® [x]},

= ([[lam y'.f(lam x.(y' (fold ef))x)]7, ® [unfold (fold ef)]]f)) o [x]5

,y'HuefﬂXa"*) i
- ((AK) ([[f]]; o [lam x.(ef(fold ef))x]};)) o [x]E

= (A5« YOOI ) @ [T

= () ((Lrvenly) 1)

= (") (IF V(P )

= ((AK)[[(f(lam x.(y (fold ef))x))]7

O
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Section 7

Proor oF LEMMa 7.3. The proof is organised as follows: We first show how to apply [25, Theo-
rem 4.3] to encode a coinductive type as the one described in Lemma 7.3. Then we show that the
encoding is the same as R .

Recall first the indexed version of [25, Theorem 4.3]: If

F:I-U)—-> (- U)
is a functor in the naive sense, such that for any X : Vk.(I — U), the canonical map
F(Vk.X) — Vk.F(X [k])

is an equivalence, then a final coalgebra for F can be encoded by first solving F(>*X) ~ X and
then defining the final coalgebra as Vx.X. Here Vk.X means A(i : I).Vk.(X [k] i), and »*X means
A D). > (X0)

For this application, take I = DY(A) x D"(A), and define F(P)(, v) by the clauses of Lemma 7.3,
i.e., either (spelling out the implicit inclusions)

(1) there exists ' : DA such that p = D(inl)(¢'), and there is a v/ : DB such that v ~»~ v/, and
thereisa p : Cplg (1, V).

(2) there exists y/ : D(DYA) such that g = D(inr)(¢’') and P(run(p), v).

(3) there exist y1; : DA, 1, : D(DYA),and p : (0, 1) such that y = D(inl) (1) ®p D(inr)(p2), there
exist vy, v : DYBsuch that v ~»~ V1®\;,V2,and F(P)(D(inl) (1), v1) and F(P)(D(inr)(p2), v2).

Note the use of F(P) in condition (3), which is due to the two recursive calls just being shorthand
for (1) and (2).

Given P : Vk.(DY(A) x DY(A) — U) we show that Vx.F(P [k]) =~ F(V«.P), the right hand side
of this is the statement that either

(1) there exists i’ : DA such that g = D(inl)(y’), and there is a v’ : DB such that v ~~ v/, and
thereis a p : Cplg (¢, V).

(2) there exists y/ : D(DYA) such that g = D(inr)(¢’) and Vk.P [k] (run(p), v).

(3) there exist 1 : DA,z : D(DYA), and p : (0,1) such that g = D(inl) () ®p D(inr) (),
and there exist vy, v, : DB such that v ~~ v, 69\;, vy, and F(Vk.P [k])(D(inl)(p1),v1) and
F(Ve.P [k])(D(inr) (p2), v2).

To prove this, recall the following facts from [25]: Vk.(—) commutes with sums, products, > and
propositional truncation. In particular, it commutes with existential quantification over clock ir-
relevant types. Recall also that our assumption of a clock constant makes all propositions clock
irrelevant. In particular, in Vk.F(P [k]) we can commute Vk first over the case split, then remove
it from the case of (1) because this is a proposition not referring to P, and so k will not appear in
it. In (2), we can commute Yk over first the existential quantification over the clock irrelevant type
D(DYA), then over the product and use that y = D(inr) (i) is a proposition, arriving at condition
(2) of F(Vk.P). The case of (3) is similar.
The conclusion from this is that the final coalgebra mentioned in Lemma 7.3 can be encoded as
S(p, v) = Vi.S*(p, v), where S is the guarded recursive relation satisfying S*(y, v) iff either
(1) there exists p/ : DA such that g = D(inl)(¢’), and there is a v/ : DB such that v ~»~ v/, and
thereis a p : Cplg (i, ).
(2) there exists g/ : D(DYA) such that g = D(inr)(¢’) and »*(S* (run(p), v)).
(3) there exist y; : DA, iy : D(DYA), and p : (0, 1) such that g = D(inl) () ®, D(inr) (), and
there exist vy, v, : D'Bsuch that v ~»~ vlea\;vz, and S*(D(inl) (1), v1) and S*(D(inr) (p2), va).
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It remains to show that S$“(y, v) is equivalent to R" (p [x],v), which we prove by guarded
recursion. First recall that (yu [x]) R v iff either
(1) there exists i’ : DA such that u [k] = D(inl)(y/), there is a v’ : DB such that v ~~ v/, and
thereis a p : Cplg (i, ).
(2) there exists ' : D(»*D*A) such that p [x] = D(inr)(¢') and>*(« : k) ((({*(u [x]))[«]) R" V).
(3) there exist jiy : DA, pi; : D(>*D*A), p € (0,1) such that p [x] = D(inl)(p1) & D(inr)(p2),
there exist vq, v, : DB such that v ~~ v, 69\;, v, and D (inl)(yq) R vy and D(inr) (pz) R" Va

We first show that S*(y, v) implies R" (¢ [k],v). Cases (1) in the two definitions are equal. In
the case of (2) of S*(y, v), to prove (2) of R" (¢ [x],v), consider D (next” o ev,)(y') : D(>*D*A),
where ev, : DA — DA is evaluation at k. Since g = D(inr)(y'), it is easy to see that y [x] =
D(inr)(D(next® o evy) (1)), and clearly {*(u [k]) = next“(run(y) [x]) so that >*(S*(run(p),v))
implies >*(a : ) (S*({*(u [x]) [a], v)), which implies »* (& : k) ({*(u [x]) [«] R" v) by guarded
recursion as desired. The case of (3) is similar.

In the other direction we just show that (2) of (u[x]) R v implies (2) of S*(y, v). So suppose
the former, and apply the equivalence of Theorem 3.6 to p. Since yu [k] is in the second of the
three possible cases, so must p be. In other words, there must exist a y”” : D(D"A) such that
u = D(inr)(¢"”) and D(next® o ev,) (") = p'. Then, as before, {*(u [x]) = next®(run(p) [x])
and so the assumption >*(a : k) ({*(u [k]) [«] R" v) is equivalent to »*(a : k) (run(p) [x] R" v),
which by guarded recursion implies >*(S* (run(y), v)) as desired. O

Proor oF LEMMA 7.4. Recall that, by definition of <j;;,, we have to prove that for all nand ¢ > 0
there exists m such that PT,(z) < PT,,(v) + ¢. We first show that the lemma holds whenever
u : D1. Here, there exists v : D1 such that v ~~ v and there is a p : Cpleql(p, v"). Then for any
p € (0,1) there exist v’ : D'1 such that v ~> v/ 69\;, v"’. We now have:

e PT,(u) =PT,(v') =1
e By Lemma 4.20, PT(y(v) =jim PT()(v’), and there exists m such that PT,(v') < PT,,(v) +&.
Otherwise, we do induction on n. For n = 0, ¢ > 0, we have two cases for peq; v:
e If i : D(D"1), then PTy(p) = 0 and the statement is trivially true.
o Ifthere exist yi; : D1, 1y : D(D'1), p € (0,1) such that y = 1y ®p 12, and there exist vy, v, : D1
such that v ~~ 1, 69\;, vy, and piy €q; V1, 2 €qy Vo:
- PTo(p) =p
- By the previous case, PT()(y1) < PT((v1), and furthermore, PTo(y;) = 1. Therefore,
there exists m’ such that 1 < PT,, (vy) + ¢/2, and thus
PpEp-PTuw(v1)+p-e/2
<p-PTw(vi)+p-e/2+(1=p) - PTow(v2) + (1-p)-¢/2
= PTo (v1 @), v2) +£/2

sop < PTpy (1 GB\;, V3) +¢/2. By Lemma 4.20, PT( ) (v; 69\; v2) =tim PT( ) (v), so there exists m
such that PT,, (v, 69\; v2) < PT,,(v) + ¢/2, and then we can conclude PTo () < PT(v) +e.
Forn=n’+1, ¢ > 0, we have again two cases for peq; v.
e If i : D(D"1) and run(y) €q; v then PT, () = PT, (run(p)). By the induction hypothesis for
n’, we know that then there is an m such that PT, (run(y)) < PT,,(v) + ¢, and hence also
PT, () < PTm(v) +e.
e Ifthere exist yi; : D1,y : D(D'1), p € (0,1) such that yr = 1y ®p iz, and there exist vy, v, : D"1
such that v ~~ 1, 69\;, vy, and piy €q; vy, Y2 €q; vo: Then:
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= PTu(p) =p - PTw () + (1 = p) - PTow (run(pz))
- By definition of the lifting, run(y,) eq; v2. By the inductive hypothesis, there exist my, m;
such that PT,, (1) =1 < PTp,, (v1) + ¢/2 and PTyy (run(p)) < PTp, (v2) +¢/2.
- Let m’ be the largest of my, m,. By Lemma 4.20 there exists m such that PTp, (vi ®, v2) <
PT,(v) +¢/2.
Putting all of the above together, we now have:
PTo(p) = p - PTw (1) + (1= p) - PTw (run(pz2))
<p-(PTm,(v1)+€/2)+ (1 —=p) - (PTp,(v2) +¢/2)
Sp-PTaw(vi) + (1 =p) - PTpy(v2) +¢/2
<p-PT(v)+e/2+¢/2
=p-PTp(v)+e¢

which is what we needed to show. O

Proor or LEmMA 7.5. . .
For left to right, suppose that g R~ v. We need to show that also g R 1’. We consider the three
possibilities of Definition 7.2.

If p : DA, then we need to show that there is a v/ : DB such that v/ ~~ v”, and a
p : Cplg (1, v""). From our assumption y%K v we get a v : DB such that v ~~ 1"/, and a
p:Cplg (u,v").

We just need to show that also v/ ~»~ v"/. For any p € (0, 1), we know from v ~~ v”, that
there is a v”/ : D'B such that v ~» v’/ 69}/, v,

By Lemma 4.10.3, there is an n such that v ~» run™v. By Lemma 4.10.2 we know:

runv ~» run"(v” 69}/, V')

=run™" 69\;, run™"”’

=" 69}/, runv’”’,

where the last equality holds because v’ : DB. Hence by transitivity of ~», also:

Vi~ v EB\;, run™v’”’,

proving that indeed v/ ~~ v”.
If 4 : D(>*D*A), then we need to show that »*(a : k) ((({*(w))[a]) R" v'). From our as-
sumption p ‘R" v we know that (o k) ((((w)[a]) R" v), and so by guarded recursion,

also > (a : %) (") [a]) R™ V).
If there exist p; : DA, iz : D(>*D*A), and p € (0, 1) such that y = pi; @, 13, then we need to

show that there exist v}, v : DYB such that v/ ~»~ Vi 69}/, vy, and iy R vy and py R" ;.
We know from y%’c v that there exist vq, v5 : D'B such that v ~~ 1, 69\;, va, and jy R Vi
and p R" Va.
By Lemma 4.10.3, there is an n such that v/ ~» run™v. Then by Lemma 4.10.2:
runv ~> run™(v; 69\; Vs)
=run"v; 69\:, run"v,
Then by Lemma 4.19.1 also run™v ~~ runv, GB\;, run"v,, and finally by Lemma 4.19.2 v/ ~»>~

run"v; 69\;, run™v,.
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What is left to show is that R" run"v; and R run"v;. Since by Lemma 4.10.1 v; ~»
run"vy and vy ~ run™vy, and py : DA and pp : D(>*D*A), these claims follow from the first
two cases of this lemma.

For right to left, suppose that p ‘R /. We need to show that also J7i ‘R v. We consider the three
possibilities of Definition 7.2.

o If 1 : DA, then we need to show that there is a v’ such that v ~>~ v",and a p : Cpl g (g, v"’).
From our assumption p%’c v" we get a v" such that v/ ~~ v, and a p : Cplg (1, v"’). By
Lemma 4.19, v ~» v/ implies that also v ~~ v/, and so indeed p R v.

o If y : D(>*D*A), then we need to show that »*(a : k) ((({*(p))[a]) R" v). From our as-
sumption ,u%x v we know that >*(a : k) ((({*(p))[a]) R v’), and so by guarded recur-
sion, also »*(a : ) ((({*(w))[a]) R" V).

o If there exist yy : DA, o : D(>*D*A), and p € (0,1) such that y = p; ®, p12, then we need to
show that there exist vy, v, : DYB such that v ~~ v, 69\;, va, and jy R vy and iy R Va.
From our assumption p R v we know that there exist v1, v : DYB such that v/ ~~ v, 69\;, Va,
and R" vy and iy R V. By Lemma 4.19, v ~> v’ implies that also v ~~ v; GB\;, Vv, and so

indeed u R v. O

PrROOF OF LEMMA 7.6.
—K
Given i : D*A, v : D'B, suppose that v ~»>~ 1" and y R~ v". We consider three cases, one for each
part of Definition 7.2:
o If 1 : DA, then we need to show that there is a v’ such that v ~>~ v",;and a p : Cpl g (g, v"*).
From our assumption ,u%K v we get a v/ such that v ~»* v, and a p : Cplg (g, v").

By transitivity of ~»~ (Lemma 4.17), also v ~~ v”, so this case is immediate from the
assumptions.

o If y : D(>*D*A), then we need to show that »*(a : k) ((({*(p))[a]) R" v). From our as-
sumption ,u%x v we know that »*(a : k) ((({*(p))[a]) R v’), and so by guarded recur-
sion, also »*(a : ) ((({*(w))[a]) R" V).

o If there exist yy : DA, o : D(>*D*A), and p € (0,1) such that y = p1; ®, p12, then we need to
show that there exist v, v, : DYB such that v ~~ v; 69\; va, and jy R vy and iy R Va.
From our assumption p R V" we know that there exist v1, v : DYB such that v/ ~~ v, 69\;, Va,

and R" vy and I R" v, By transitivity of ~»~ (Lemma 4.17), also v ~»~ v”, so this case
is again immediate from the assumptions. ]

Proor or LEMMA 7.7.
For the first statement, notice that

(step® ) @, (step®pz) = D(inr)(6(p) &p 5(p12)),

and

step® (A(a:x).(u [a]) & (12 [a]))
= D(inr) (§(A(a:x).(u [a]) &) (12 []))),
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where both right hands of these equations are of form D (inr) (¢') with /' : D(>*D*A). Therefore,
by Definition 7.2(2) we have:

(step*pur) @ (step*jn) R v
& v (@0).((°((3(m)) @ (5(12))))[a]) R v)
=5 (a:x).(((p1 [@]) @ (2 [@])) R v)
=5 (@:)-(((C°(S(A(B=1).(m [B]) ©F (2 [ [a]) R v)
& step" (A(B:x).(in [B]) @ (2 [B1) R v.

The second statement follows from Lemma 7.5 since both

(stepv(vl)) GB\;, (stepv(vz)) ~ v GB\;, Va

stepv(vl 69\;, Vo) ~> Vg GB\:, Va. O

PrOOF OF LEMMA 7.8. . .
We analyse the 3*3 different possibilities for gy R vy and piz R vs.

(1) If both py, iy : DA, then from R vy and pp R v; we know that there are vi,v, : DB
such that v; ~~ v and v, ~»~ v/, and that there are p; : Cplg (1, v]) and p; : Cplg (g, v5).
By Lemma 4.17 we have v, 69\;, vy~ V] GB\;, vy. Also: p1 @y p2 : Cplg (s & pi2, v 69\;, v,), and

—K

s0 (p ® p2) R (v 69\;, v,) via Definition 7.2.1.

(2) fpy : DAand pp : D(>*D*A), then (1 &) H2) R" (1 69\; vy) follows immediately from the
given assumptions, via Definition 7.2.3.

(3) If pz : DA and piy : D(>*D A), then again (11 &} p2) R" (v1 GB\;, vy) follows immediately
from the given assumptions, via Definition 7.2.3, and using that y; @ pz = (2 &} » ).

(4) If gy : DA and for p; there exist pz1 : DA, pizz : D(»¥D*A) such that py = piz1 @) iz, then:

H1 @) piz = p1 &), (Ha1 ©y pi22)
=(m &, ) ®;+(1_p)p/ Ho2,

p+(1-p)p’

where 11 @, pg1 : DA and pp; : D(>*D*A).
p+(1-p)p”
So by Definition 7.2.3, we need to show that there exist v/, v : DYB such that v, GB\;, Vg ~¥
/v 7 K e oK
v ®p+(1_p)p, v, and (i ®p+(1{,p)p, Ha1) R v and proy R V7.

We know from p, R" v, that there exist vy1,vay : DB such that vy ~~ vy 69\;), Va2, and

Ho1 R" Vo1 and pipz R V2. We also know that y R v1 by assumption. We then know, using
the reflexivity and sum properties of Lemma 4.17, that:

v ~ v v
Vi@, v2 T 11 @, (va1 ®, V22)

v v
=@, Va)® i, Vo2
p+(1-p)p’ p+(1-p)p

So we choose:
v
V=ve® , vx
p+(1-p)p’
V” = V22.
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Then from the first item of this lemma we get that (y; ®° ,  p21) R" v, and finally it
p+(-p)p’

follows directly from our assumptions that pz; RV
(5) If pp : DA and for piy there exist p11 : DA, iz : D(»*D*A) such that py = 11 ®p 12, then:
p1 &) f2 = (p11 @y p12) S pa
= (p ®° ,, o) 69;{_(1_1,,)}, Hiz,

1-(1-p")p

Ho : DA and pip : D(>FD*A).

where py1 ®°

pp’
. li(lip/)P . PR . . . .
We again need to satisfy Definition 7.2.3, and via similar arguments as the previous case we
can choose
’ _ \'4
V=110 o’ V2
1-(1-p")p

V// — 1/12

to do so.

(6) If both py, pr2 : D(>*D*A) then we know that
> (o k) () [a) R v1)

and
(@ 1) ({5 () [a]) R va).

Then by guarded recursion we know:

> (a2 k) (((C () [a]) @ (C () [a]) R (v & v2)),

which is the same as:
> (o ) (% @ ) [@]) RT (v1 @) 12)),

which shows that (y @; ) R (v 69\;, v,) via Definition 7.2.2.
(7) If gz : D(»*D*A) and for py there exist pi1; : DA, 2 : D(>*D*A) such that py = pyy Spr pi12,
then:

1 & p2 = (pn1 ©py p1z) &) pi2
= p1 @y (12 &1y, H2),
1-pp’
where py; : DA and py2 O ), M2 ¢ D(>*D*A).
L
We know from g R 12 thap: there exist vy1,vi2 : D'B such that v; ~~ v 69\;,1 V12, and

Hi1 %K v11 and Hi2 %K Vi2.
If we pick

V, =1

7 \4
Ve =v120 i, Vo
1-pp’

then by the reflexivity and sum properties of Lemma 4.17
4! GB\;, vy ~~ (v GB\:,/ V12) 69\; V2

— v v
=V @pp/ (v12 D _p)p va)
1-pp’

_ ¥ ’”
=V EBpp,v
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In addition, pi1q R v1; immediately gives piq R" v/, and from the sixth item of this lemma
—K —K . —K
we know that p; R vz and g R vy imply (g2 D, ) R (vig eav(l_p,)p Vo) =V,
1-pp” 1-pp’
Hence we have (y; &) ) R " (v1 69\; v,) via Definition 7.2.3.
(8) If piy : D(>*D*A) and for i, there exist pio1 : DA, pizo : D(>*D*A) such that py = 131 pr fizo,
then:

1 @) p2 = i1 D)y (a1 D)y fiz2)

K

= H21 69'(1_1,)1,, (1@ 5 p2o),

1-(1-p)p’
where ji1 : DAand 1y & , g : D(>*D*A).
1-(1-p)p’

We again need to satisfy Definition 7.2.3, and via similar arguments as the previous case we
can choose

V/ = V2

V=1 @ Viz

1-(1-p)p’

to do so.

(9) Finally, if for p; there exist yyy : DA, p1z : D(>*D*A) such that p; = pyy ®p, p12, and for p,
there exist j51 : DA, pioz : D(»*D*A) such that pp = pio1 ®p, piaz, then:

1 ®p p2 = (pn1 ©p, p2) &) (Ha1 O, Hoz)

= (p1 ®° ,p, 1) @ (p12 ®° Ha22)
_ 1- (-p1) ,
pP1+(1-P)p2 ppr+1=p)p2 m
where p1; ®° po1 : DAand pp @, poa: D(>*D"*A).
pp1+(1-p)p2 T=(pp1+(1-p)p2)
—K . ~
We know from p; R v; that there exist vy, vq2 : DB such that v; ~~ vy 69\;1 V12, and
—K —K —K . -
p11 R vipand iz R vig, and from p, R v, that there exist vay, vop - D"B such that vy ~»~
—K —K
Va1 EB\Z,Z Vaz, and pig; R vap and ppp R v,
Similar to previous arguments, we can take:

_ \4
Vi=vn @ pp Va1
PP1+(1-p)p2

V//

\4
Viz @ ppp V22
1-(pp1+(1-p)p2)

Since by the sum property of Lemma 4.17, and our assumptions:
V1 @) v~ (V11 @), V12) @), (va1 By, Va2)

v v
=(vu® V21) @

v
pp1+(1-p)p2 (viz ® (a-ppp Vz2).

PP+(-p)P; Topr (P50
Then from the first item of this lemma we know that (11 ®__ sp Ha1) R and from
PPIHI-PIP2
the sixth item of this lemma we know (p12 ®  appp  p22) R Sy,
o TP
This shows that (i1 &), p2) R (v1 69\;, vy) via Definition 7.2.3. O

PrOOF OF LEMMA 7.9.
The first statement is by induction on the coupling p : Cplg (1, v).

If p = 6((a b)) for some a : A and b : B such that aR b, then ?(;1) = ]_‘(5’%1) = f(a) and
g(v") = §(8Yb) = g(b) are related in S by assumption.
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If p = p1®p p2,let gy = D(pry)(p;) and v; = D(pr,)(p;) fori =1,2.By induction f(y;) S g(vi)

and since

F) = Flu &5 1) = f(m) ©F f (1)
g(v) = G(v1 @, v2) = G(11) &), G(v2)

the case follows from Lemma 7.8. .
For the second statement, suppose that z R~ v. We consider each of the three cases.

If 4 : DA, then there exist v; : DB such that v ~»~ v; and there exists a p : Cplg (g, v1).

What we want is to show that _?( ) S g(v).
Notice that since the ~»~ relation is preserved by homomorphisms (Lemma 4.18), v ~~ v;

implies g(v) ~~ g(v1). By Lemma 7.6 it is therefore enough to show that ]_‘(,u) S" g(v1),
which follows directly from the first statement of this lemma.
Ifp: D(*D*A), thens>"(a : k) ((({*(w))[a]) R" v). By guarded recursion then also:>* (« : k) (]_‘(g"’((y]
Note that >*(« : k) (_?(gv’c(y) [a]) = (gv’c(]_‘(,u)) [a])). We show this by induction on p:
If p: 6(y'), then:
FEE@WNLal) = f(i' [a])
= (A(B:x).f (W [BD) ]
= (L (SAB:5)-(F (¢ [BD))) ]
= () el
Ifp=p &y, then:

FECEW@) [a]) &5 (W) [a)) = £ [a]) @ (1) [al))
= (F(") [a]) @ (F(*W") [a])
= (L°(f () [a] & (Z(F (")) [a]
= A(B:).((C°(F (1)) [BD) & (C*(F (")) [BD ]
= (°(F() & f('"))) ]
= (*(f (W & 1)l

Hence we may conclude that:

> (o k) (CFE)[a) S” GO))),
which proves that f () s g(v) via the condition 2 of Definition 7.2. .
If there exist i1 : DA, pip : D(>*D*A), and p : (0, 1), such that p = p; & pp then fromp R~ v
we know that there exist vy, v : D'B such that v ~~ v, 69\;, Vo, Hh R" vy, and pp R" Va.
Note that F(p) = f(m) ®p f (p2). Since iy DA, the first case of this lemma proves that from

th R"vi we may conclude f(y;) R g(vl) Similarly since g, : Z)(>’<D"A) the second case
of this lemma proves that from p, R" v, we > may conclude fl2) R g(vz)

Then by Lemma 7.8: (1) = (i) @ f(12) R (1) & G(v2) = G(v: &, v2):
Finally, by Lemma 7.5 and the fact that v ~~ 1, GBP vy, we conclude f (,u) R g(v).

i
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Section 8

In preparation for the proofs of Lemmas 8.2 and 8.3 we prove several lemmas which show that

<eTm s compatible with the typing rules in Figure 2.

Lemma A3. Let f : [o]* — [r]* and g : Val, — Val_ as well as u : D*[c]* and v : DY(Val,)
such that u <™ v. If for anyv : o and V : Val,, we have that (v <V V) S (Flo) <V g(V))
it follows that

(u>>=F 80 f) <™ (v>>=6"0y¢).
or equivalently

D(f) (w) <F™ DY (9) (v)

Proor. This is a direct consequence of Lemma 7.9. Looking at the requirements, it suffices to

prove that o <2 V implies 6 (f(0)) _Eltm 5Y(g(V)). Using Lemma 7.9, this follows from our
assumption that (v <5Y¥ V) = (f(o) <Y g(V)). m|

LEMMA A4, Let f : [0y X 05]* — [o3]* and g : Val,, x Val,, — Val,, as well asy <5'™ d and
v <5T™ e. If we have that

(0 B V) 5 (w <5 W) S (Flow) <5 g(V, W)

=03

it follows that
(1 >>=" do.v >>=" Aw.8"(f (v, w))) <5 (d >>= AV.e >>= AW.8"(g(V, W))).

PROOF. We apply Lemma 7.9 with the functions do.v >>=* Aw.5* (f (0, w)) and AV.e >>= AW.5%(g(V, W)).
Since we have that p 55’“" d, it suffices to show that

(v <EY V) = (v >>=" w8 (f(o,w)) <E™™ (e >>= AW.8"(g(V, W))))

Let now v _('ﬁval V, using Lemma A.3 for the functions Aw.6* (f (v, w)) and AW.8% (g(V, W)), it

suffices to show that
(w <5V W) = (flo,w) <5V g(V, W)
and the claim follows. O
COROLLARY A.5. Let op € {suc, pred} and _;Ttm v. Then
D(op) (1) <1 D' (op) ().

Proor. This is a direct consequence of Lemma A.3. Note that if n = m, then also op(n) =
op(m).

The arguments for inl, inr, pr, and pr, proceed similarly.

COROLLARY A.6. Assume that ji _NTtm vi, iz <™ vy and ps <™ vs. Then also
0 — 0 =V

m S>=K He ﬁg,Tm vy >>= 4~ 2
n+l = ps ntl s

. 0 =" 0 — vy
Proor. We apply the bind lemma for f = andg =4~ . It thus suffices
n+1 m—> 13 n+l >3

to show that for any u _E:‘I U we have that f(u) <5™ g(U).

We proceed by case distinction on u : Nat.
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Case:u =0
Then necessarily also U = 0 and thus f(u) = p; and g(U) = v,. But g <5™ v, is one of our
assumptions.

Case:u=n+1
This case is analogous to the previous case. O

COROLLARY A.7. Let i <™ d andv <™ e, then

(i >>=F do.v >>= 2w.85((0,w))) <5I™ (d >>= AV.e >>= AW.8"((V, W))).

OXT

Proor. Using A 4 it suffices to show that
(0 <2V V) > (w <V W) S ((o,w) <5 (VW)

OXT

which is immediate by the definition of (v, w) <Y (V, W). o

OXT

LEMMA A8. Let iy <5 v, and py <™ vy, then

(py >>=" 0. >>=" wo(w)) <™ (v; >>= A(lam x.M).v, >>= AW step’(eval(M[W/x]))).

Proor. To show this, we use Lemma 7.9 on the functions
(1) fi £ Aoy >=" Aw.o(w)
(2) g1 2 A(lam x.M).vy >>= AW .step’(eval(M[W /x]))

and it remains to show that assuming v ﬁﬁ’larl lam x.M we get that

(12 >=" Aw.o(w)) <&Tm (vz >>= AW.stepv(evaI(M[W/x])))

We proceed by using Lemma 7.9 once more, this time for the functions
(1) f2 = Aw.o(w) and
(2) go 2 AW .step’(eval(M[W/x])).
x,Val

Now it suffices to prove that assuming (v <;5; lam x.M) and (w =<

o(w) <™ step(eval(M[W/x]))

,Val
sle W) we get

Observe that by the definition of v 51§ﬁi‘ lam x.M we immediately get that v(w) <&M eval(M[W /x])
and thus the result follows by Lemma 7.5. ]

LEMMA A.9. Assume g;;ﬂrgz vy as well as
(1) Yo,V.o 5§;Va' V — e (v) <™ step”(eval(M[V/x]))
(2) Yo, V.0 5§;Va' V — ey(0) <™ step’(eval(N[V/x]))
then it follows that
(,Ul - {?nlv — e1(0) ) 5?’““ (V1 . {%nlv — step\;(eval(M[V/x])) )
inro — ey (v) inrv > step’(eval(N[V/x]))

Proor. Again, we use Lemma 7.9 and considering the assumptions of the lemma, it only remains

to show that given w ﬁﬁ’l\ﬂz

({inlo — €1 (0) ) () <5 ({inlv s step’(eval (M[V/x]))

inro — e;(0) - inro - step’(eval(N[V/x]))

W we also have

) (W)

W. In the case of inlw <Y inlW it

. e Val
This we can show by a case distinction on w <'2 =040

—o01+02
remains to show that
er(w) <™ step’(eval(M[W/x]))
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which follows from the assumptions. The other case is similar. O
LEmma A.10. Ifpu ﬁfizn)}.r/xj v then also

D (next®) (1) ;;"; D" (fold) (v).

Proor. We apply Lemma A3 to f £ next® and g £ fold. It thus suffices to show that for

0 <V V we have that next*v <KVal fold V. This is however immediate, since
T[pX.r/X] —puX.t

next“s < Kval foldV = (> (a:x).(next*v) [a] Z}\(/arl V)

o (a:K).(0 <N V)

LEMMA A11. Ifp < me v then

(u >>=" lo.step®(A(a : k).5%(v[a]))) _KL“;( x) (v >>=" A(fold V).step'(8(V)))
PROOF. We apply Lemma 7.9 with the functions Av.step® (A(a : x).v[a]) and A(fold V).step”(5¥(V)).
It thereby suffices to show that if v _K}\(/al (fold V) then also

step®(A(a : k).6(v][a])) _KL“;“/X step’(8Y(V)).

Note that v ﬁz}\(/arl (fold V) is equivalent to »(a : x).(v[a]
Lemma 7.5, is equivalent to

K, Val

= 1uX./X] V), which in turn, by

step®(A(a : k).6%(v][a])) _KL“;“/X step’(8Y(V)).

This concludes the claim. O

LEmMMA A.12. Ifp <5 vand piy <E™ vy then also

<K,Tm

,uészl < vea\:,vl

Proor. This is a direct consequence of Lemma 7.8. O
A.0.1 The Guarded fundamental lemma and congruence lemma.

PrROOF OF LEMMA 8.3. The proof proceeds by induction on M : Tm. and relies almost entirely
on the compatibility lemmas with the only exception of the M = lam x.M’ case.

Case: lam x.M’
By induction hypothesis, we have that

Vp,8.(p <p¥ 8) — [M]5 <™ eval(M'[9]).
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Thus we get that

Vp,8,0,V.(p <V 8) A (0 <2V V)
— [[M I5. <e™ eval(M’'[5,V/x])
Vp,8.(p <Vl 8) = Vo, V.(0 <5V V)
= ([M]5, <2™ eval(M'[8])[V/x]))

0 —T

7

Vp,5.(p ﬁf’val 8) — [lam x.M’]}Xa]’K <&Val lam x. M’ [5])

(
(v p,8.(p <5V )
o

Rd

< — &([lam x.M']3***) <57 8¥(lam x.M’ [5]))

—0—T

Vp,5.(p <Kva] ) — [lam x.M']7 < <%Tm 5Y(lam x.M’ [5]))

Case: M N
Let p ﬁf’val d, by induction hypothesis we have [M]f < <&Tm  eval(M[5]) and [N]s < <rTm

eval(N[d]). Now Lemma A.8 implies that [MN]5 < <ETM eval((M N)[6]).
Case: case(L, x.M, y.N)

Let p ﬁ'rc’val 6, by induction hypothesis we have
1) [L]5 <510, eval(L[])

o1+0)

(2) Yo,V.(0 <57 V) = [M]5, <™ eval(M[8,V/x])

(3) Yw, W.(w <5¥ W) — [N]5.,, <F™ eval(N[5,V/y]).

By Lemma A.9 we then get

x - Jinlo = [M]% T _)inlV - step(eval(M[58][V /x]))
[[L]]p . {inrw — [[N]/})f,.w ) =r (evaI(L[(S]) . {ian - step(eval(N[5][V/x]))

Observe, that this is precisely
[case(L, x.M,y.M)]} <*Tm eval(case(L, x.M, y.M)[5])

Case: unfold M
Letp <" § by the induction hypothesis we have [M] 5 <*T™ eval(M[8]) and now Lemma A.11

puX.t
implies that [unfold M7 _KI;"( X eval(unfold M[6])

The remaining cases follow similarly. O

Proor oF LEmMMA 8.2. The proof proceeds by induction on context derivations. All cases — ex-
cept for the M = lam x.M’ case — are direct consequences of the compatibility lemmas.
Case:C=lamx.C’': (Tt+to) = (At 1 > 1)
Assume M <57 N. We have that ¢’ : (T + 6) = (A, (x : 11) F 1) and by the induction hypothesis
it follows that
C/[M] <kl C/[ ]

=7,
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It now follows that

C'[M] <57 C'[N] £ Vp,6.p <5V 5 — [C'[M][} <5™ eval((C'[N])[6])

=r,

=7

— [C'IM]]}., <5™ eval((C'[NT)[S,V/x])

puv T

vp,5 v, V (p <KVa] 5/\1} <KVa| V) )

Vp,8(p <KVl 5)
« Vo, Vo <Vl v

( - [C'[M]]}, <5™ eval((C'[ND[6,V/x])
Vp,8(p <KVaI 5)
( — [lam x.C’'[M ]]Xal"( ﬁfl’\flfz (lam x.C’'[N])[6, V/x])
Vp,8(p <KVaI 5)
( — & ([lam x.C'[M][}**) < 8"(lam x.C'[N])[6,V /x]

T1—T2

(Vp,a(p <V 6) - [CIMIT; <5T, (CINDISV/x1)
o CIM] <5%,., CIN]

d

!

Case:C=foldC’: (T'+0) = (A+ puX.7)
Assume M <5T N. We have that ¢’ : (I + o) = (A F r[pX.r/X]) and thus by induction

hypothesis we have C’'[M] K[I;IX /X] C’'[N]. By Lemma A.10 we have that
C'[M] <T“1X x) €' [N]

o (Vo800 <Y 8) = [CIMIT <50y eval(CINDIS))
Vp,8.(p <XV 5)

~ ( K(next*) ([C'[M]]~ )) <5 DY (fold ) (eval (€' [N1[5])
o Vp,8.(p <V 8) - [fold C'[M]]5 <™ eval((fold C'[N])[6])

uX.t
< C[M] <y CIN]

Case: C =case(L,x.C',yN): (T'+ o) = (A+ 1)
Assume that M <" M’. We furthermore have that

(l)Al—LZTl-l-Tz
2)C:(Tro)=(Ax:11+71)
B)Ay:2+-N:1

By the induction hypothesis and Lemma 8.3 it follows directly that C’[M] <7 ¢’[M’], L ﬁflljrfz L
and N <! N. Thus, for all p and § such that p <Val 5 we get that

(1) [L]} <535 eval(L[5])
(2) Yo,V.(v <Y V) - [C'[M]]5, <™ eval((C'[M'])[5,V/x])
(3) Vo,V.(o =¥ V) > [N]5, <™ eval(N[5,V/x])

—1T2 -T
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Now, using Lemma A.9 we conclude that

([[Lﬂii = {21:[[[UCV]§M]H’J <X eval(case(L,x.C'[M'],y.N)[5])
p.v

and thus we get that
Vp.8.(p <XV 8) = [CIM]]E <™ eval(C[M'])

Case: C = choice’ (C’,N) : T+ o) = (A+ 1)
Assume M <5T M’ 1t follows from the assumptions that furthermore A + N : ¢ and thus by
Lemma 8.3 we get N <% N. Now the induction hypothesis implies C’'[M] ﬁﬁ’A C'[M’'] and
consequently C[M] <&A C[M'] follows by Lemma A.12.

The remaining cases are similar. O

A.0.2  Proof of Theorem 6.1. The proof of Theorem 6.1 is only briefly sketched in the main text.
We start by defining the alternative denotational semantics (—|) and proving it sound with respect
to the operational semantics. First recall that (—|) agrees with [-] on types and most terms. The
only place where they do not agree are

1>

[MN]
(MN)S

M]; >>=" Af.[N]} >>=" Av.fo
(M7, >>=" Af.(N)}, >>=" Av.step” (A(a:K).fv)

1>

inl MIE
[[case(L,x.M, yN)ﬂK 2 [[LHK >>=K Inloy = [[ ]]p.xl—)z)
r r inro — [[N]]Z-y'—»v

inlo — step*(A(a:x).(M)% ,.0)

p.X0

inrov — step®(A(a: K)-(]NDZAyl—)U)

(case(L,x.M,y.N)|j, = [L]}, >=" {
We first show the following soundness theorem.
THEOREM A.13 (SOUNDNESS). For any well typed closed expression - + M : ¢ we have that
DK((]_DVB.LK) (evaIKM) — (]MDK
Proor. First, assume the guarded hypothesis

VM : Tm.(>(a : k).(eval*M >>=" § o (—)¥aby = (M)X).

We proceed with case analysis of term derivations.
Case: M = V The value cases are all the same:

D{(-)") (eval ) = D) (5°()
5K((IvDVaI,K)
(vD*
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Case: M = suc M’

DK((]—DVa"K) (eval* (suc M")) = DK((]—Dva"K) (D"(suc) (eval*M"))
= DK((]suc(—)Dval’K) (eval*M")
= DK(suc((]—Dva]’K)) (eval*M’)

= D"(suc) (DK(Q—DvaI’K) (evaIKM'))
(

The case of M = pred M’ is similar
Case: M = ifz(L,M’,N)

DK(O_DVaLK) (eval* (ifz(L, M’, N))) = DK((]_DVa],K) (evaIKL - {Q — eval®(M’) )

n+1 - eval“(N)

_ ek O DX((=)V) (eval*(M"))

) (eva' b {n_+1 > DH((=)"%) (eval(N)

=evalL >>=* {Q = (M)
n+1m (N)*

0 — (]M/I)K

= eval*L >>=* An.match (n)"2"* with
- - n+1- (N)*

0+ (M')*

— KL >>=X §* _\Valk S>=K
(eva ° =) {n+10—>(]N[)K

=(ifz(L, M’, N))*
Case: M = (M’,N)

D)2 (eval® (M’ N)) = DX((=)"*) (eval M’ >>=" AV (eval*N >>=" AW.5" ((V, W))))
= eval*M’ >>=" V. (evaIKN S AW.D’C((]—Dva"K) (&< ((V, w>)))
= eval*M’ >>=" 1V.eval*N >>=* AW.5* (((V, W))¥2¥)
= eval*M’ >>=" 1V.eval*N >>=" AW.8* (((V) Y2, (W)Va-~))

_ (D“((]—Dva"”) (eval*M")) >>=K/10.(DK((]—Dva"") (eval*N))
552X Aw.8 (0, w))

= (M) >>=" 20.(N)* >>=" 2w.5"((v, w))
= (M, N))*
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Case: M = fst M’

D"(Q )Val '<) (eval* (fst M) = D"( Val K) (Dk(ﬂ) (eval"M’))
DK( VaIK) (eval*M")
= D(pr,) ( VaIK) (eval*M’ ))
= D¥(pry) (OM, )
= (fst M')*
The case of M = snd M’ is similar.
Case: M = MN

We start by unfolding the definition of (eval*MN) >>=* §* o (—)V2"* and use associativity as well
as the definition of >>=" to get

(eval“M >>=" A(lam x.M").eval*N >>="
AV.(A (eval*(M'[V /x])))) >>== & o (=) V2"
eval*M >>="A(lam x.M").eval*N
( >>=" AV.(A* (eval*(M' [V /x])) >>=" §* o q—pVa"K))

eval*M >>="A(lam x.M").eval“N

S5 AV A (evaI’C(M’[V/x]) S 5 o (]—[)Va"x)

eval*M >>="A(lam x.M").eval*N
>>=" AV.(step® (Aa.(M" [V /x])7))

In the last step we applied the guarded hypothesis. Next, we use the substitution lemma for terms
and recall the definition of semantic function type values, which leaves us with

= eval*M >>=" A(lam x.M").eval*N >>=" AW .(A*({ M/DIQCWDVHLK))
eval*M >>="A(lam x.M").eval*N

( >>= AW.(A*((lam x.M’Dva"K(QWDva"K))))

= eval*M >>=F AV.eval*N >>=" AW.(A*((V) V< ((w)Y2<)))

In the last equation, we simply omitted the superfluous case analysis of function values. We now
use the functoriality of D* to get that the above equals

(eval*M >>=F (—)Va*) >>=" Q0. (eval*N >>=* (—)V2<) >>=X Aw.A* (vw)
which by the induction hypothesis gives

(M)* >>=" Ao.(N)* >>=" Aw.step”(A(a : k).ow) = (M)* - (N)* = (MN)*“
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Case: M = inlM’

Dx((]_DVaI,K) (eval*(inl M’)) = DK(O_DVaLK) (DX(inl) (eval*M’))
- D"(Qinl (—)[)Va"K) (eval*M’)

= D(inl) ( ( VaIK) (evalKM’))
= D(inl) ((M')¥)
= (inl M)~

The case of M = inr M’ is similar.
Case: M = case(L,x.M,y.N) We proceed similarly to the function application case and first
unfold the definition.

D(()""1%) (eval*(case(L x.M, 1.N)))

o) (eva,KL r {fnl Vo (A%eval* (M[V/x]))
inrV > (A*eval*(N[V/x]))
inl Vi DX((=)Va%) (A (eval*(M[V /x])))

T {amv s DA((11%) (A (eval (N TV /x])

[
[

inl V- A*(DX(( Dval") (eval*(M[V/x])))
[

= eval“L >>=" {er > AF(DX(| DVaIK) (eval*(N[V/x])))

 evalF L o {mIV > (AX(M[V /x] [)K;

inrV = (A(N[V/x] [)’c
inlV — AK((]M[)’C

=eval“L >>="
inrV i— A%( QN[)"

inlo — (A*(M)¥)

= eval*L >>=* AV.match (V)"?"* with { _
inro > (A*(N)¥)

inlo > A*((M)¥)

inro — A*((N)¥)

= ({10 (evar ) 5o {

ik e Jinlo = AF((M)F)
= (L)" >>= {inrv = A*((N)5)
= (case(L, x.M, y.N))~
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Case: M = fold M’
DY{(-)Y2%) (eval® (fold M")) = D¥{(~)*"* ) (DX((fold )) (eval"(M')))
- D"((]fold —DVa"K) (eval*(M"))
= DK(next’C o Q—Dval”c) (eval®(M"))
= D(next¥) (@((]—[)Va"K) (eval"(M’)))
= D"(next®) ((M')"¥)
= (fold M')*

Case: M = unfold M’. Note that for V’ : Val _ we have that

r[pX.7/X]
> (a1, ((fold V') [a] = (v')**)
and thus we get
D”((]—Dva]”‘) (eval* (unfold M"))
- DK((]—Dva"K) (eval*(M') >>=" A(fold V').A* (8 (V"))
= eval* (M) >>=* A(fold V’).DK(@-DVa"K) (AR (85 (V')))
= eval< (M) >>=% A(fold V").(step (A(a:k).(85((V') V2*))))
= eval* (M) >>=% A(fold V").(step™ (A(ax:x).(5%((fold V)2 [a]))))
= eval< (M) >>=% AV.(step® (A(ar:).(8((V) 2™ [a]))))
= eval*(M’) >>=* (Av.step*(A(a:x).5% (0 [a]))) o (-)"2*
- (D"(Q—DV"""") (eval“(M))) >>=* Av.step* (A(a:x).5" (v [a]))
= (unfold M")*
Case: M = choice” (N, N;)
( pVab ’C) (eval®(choice” (N1, N2)))

.l

(DK( Valrc) (eval”(N1))) (DK(Q—Dva"K) (evaIK(Nz)))

= (N1)* @ (N2)*
(]chmcep(Nl Np))*

(-
(=¥t K) (evalK(Nl) oF evalK(Nz))

As a consequence, we note the following easy corollary.
COROLLARY A.14. If M is a closed term of unit type, then PT(eval M) = PT(,((M))
To relate the two denotational semantics we construct a logical relation

<Y (o) — o] — Prop

<™ = D*(o)* — D'([o]) — Prop
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by guarded recursion and induction over o as follows

v <K,Val Wit

~1
x,Val A _
n <SGy m=(n=m)
K, Val A Kk, Val K, Val
o <5 w2 (prio <5 prow) A (pro <8 pryw)

o <hV w s (Evl,w'.v =inlo’ Aw =inlw’ Ao <&V w’) v
(31}/, w v=inro’ Aw=inrw’ A0 S:,Va] W/)
Yo, w.(v SZ_,VaI w) = (fo) <5 (Ak.g[x] (w[x]))

Val
> (a:x).(v [a] $:[\:;(,1—/X

1>

x,Val
f Soor 9

x,Val
v S,uX.r

>

w ! force(w))
—_—
x <K y2x glval y

Note that many of these cases use implicit isomorphism, for example

[Nat] = Vk.N ~ N
[o+ 7] = Vk.([o]* + [z]F) = (Vk.[o]*) + (Vk.[z]*) = [o] + [7]

In the case of function types, g : [o — 7] and so Ak.g [k] (w [x]) : Ve.D*([z]*), which is not quite
right, because, to apply <X we need something of type D"([z]). However, the next lemma states
that these sets are isomorphic, and we will leave the isomorphism implicit in order not to clutter
proofs.

LemMA A.15. Given a type X, in which k may appear, the two types D"(Yx.X) and Vk.D*(X) are
isomorphic. The isomorphism is natural in X.

PROOF. Define the map ¥ : DY(Vk.X) — Vik.D*(X) as Vk.D¥(ev,), so

W(8"x) [x] = 8 (x [x])
¥(step”x) [k] = step® (A(a:x).¥(x) [x])
W(x &) ) [x] = ¥(x) [x] @5 ¥(y) [x]

For the other direction, use the isomorphism
Vi.D*(X) ~ D(Vk.X + Yk.D* (X)) (15)
to define ® : (Vx.D¥(X)) — DY(Vk.X) and & : (Vx.D¥(X)) — D*(Vk.X) by

d(x) £ V. 9" (x)
< (S8(inlx)) £ 6 (x)
@*(4(inrx)) £ step” (A(a:x).9*(x))
P (x ®p y) = O (x) &) P (y)
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We show that (® o ¥(x)) [k] = x [x] by guarded recursion and D-induction:
(@0 ¥(6"(x))) [x] = @ (&(inl x))
=6x
=8"x [k]
(® 0 W(step'(x))) [x] = D" (¥(step'x))

@ (S(inr (¥(x)))
step® (A(a:x). Q" (¥(x)))
= step® (A(a:k).x [k])

= stepvx [x]

The case of x 69\;, y is also easy. Similarly, we show that ¥(®(x)) [«x] = x [k] by guarded recursion:
¥(@(S(inl x))) [x] = ¥(8"(x)) [x] = 8 (x [x])
which up to the isomorphism (15) is §(inl x).
P (P(5(inrx))) [x] = P(Ak.step (A(a:k).D"(x))) [k]
= step" (A(a:x).¥(®(x)) [x])
= step” (A(a:x).x [k])

which up to the isomorphism (15) is d(inr x). O

LEMMA A.16. IfM : TmL and p sf’va' 8, then (M)% <X [M]s.

p o

Here p is as usual, § is a mapping of variables x : 7in T to &(x) : [z] and [M]s = Ax.[M] k]’
where ¢ [k] is pointwise application to k. We have left the isomorphism of Lemma A.15 implicit
in the expression [M]s.

Before proving Lemma A.16, we prove a lemma that relates the >>= of D" to the >>=* for D¥ as
it is used in the definition of [M]s. This will allow us to use the bind lemma in the proof.

LEMMA A.17. Let g : Vk.[o]* — D*([z]*) and x : Vx.D*([0]*), and let ¥ : Vk.D*([o]*) —
D"([o]) be the isomorphism of Lemma A.15. Then

(P(x) >>= z.Ak.g [k](z [x])) = Ak.(x [x]) >>=" g [x]
both sides of type Vi.D* ([7]*).
ProoF. First recall that >>= is defined in terms of >>=". Precisely, given x : D'X, f : X — D'Y,
(x >>= f) = Ax.(x [k]) >>=" 2z.(f (2) [x])
We prove that

(Y(x) >>= z.Ak.g [x](z [«]) [x] = (x [x]) >>=" g [«]

by guarded recursion. Since D commutes with Vx, x is on one of the following three forms

x = Ak.8(inl(x" [x])) some x” : Vk.[o]*
x = Ax.8(inr(step” (next*(x" [k])))) some x" : Yk.D*([o]*)
x =My [k] ®) z [«] some z,y : Yk.D*([o]*)
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In the first case both sides reduce to g [x](x” [k]). In the second case we get
(¥(x) >>=z.Ak.g [x](z [k])) [x] = (¥(x) [x] >>=" z.g [x](z [x]))

= (8(inr(step® (next™((¥(x")) [x])))) >>=" z.g [x](z [x]))
= d(inr(step” (next" ((¥(x) [x] >>=" 2.9 [x](z [«]))))))
= &(inr(step” (next* (¥ (x") >>= z.Ak.g [k](z [x])) [k]))))
= §(inr(step” (next*(x" [k]) >>=" g [x])))
= §(inr(step” (next(x” [k])))) >>=" g [x]
=x [x] >>=" g [«]

We omit the last easy case. ]

Proor oF LEMMA A.16. The proof is by induction on the typing derivation of M. Most cases are
trivial, we just do a few.

Case M = NP.If f <Y gando <Y w, then by definition fo <* Ax.g [x] (w [x]). So,
then also

step" (A(a:x).(f0)) <p Ax.g [k] (w[x])
Now, by Lemma A.17,

[N P]s = Ax.[N P[5,
= A [N (g >>=" g.[P]5 [ >=" Aw.gw
= [N]s >>= ¢.[P]s >>= w.Ak.g [](w [k])

The case now follows by the bind lemma and the induction hypothesis.

Case M = fold N. By induction (N) SHux. r/x [N]s. We must show that
D" (next") ((M)}) NZ)\(/aTI AK.DK(nextK)([[M]]g[K])
Suppose first that v szy;le] w. Then
next®o <Kva| Ax.(next®w [k])) < s5 (o <V w
Sux.r olpX.7/X]

because Ak.(next“w [k]) ~ w, and so is true. Note that
D (next) ((M)},) = (M)}, >>=" v.5" (next*v)
AK.DK(nextK)([[M]]g[K]) = k. [M]§ [x] >>=" w.5 (next*w)
= [M]5 >>= w.6"(Ax.(next (w [«])))

using Lemma A.17 in the last of these, so that the case now follows from an application of the bind
lemma.

Case M = unfold N. By induction (N)* [N]s. We must show that

P ",uXr
(M), >>=" Av.step” (A(a:x).6" (v [a])) NK\:;I( X AK.[[M]]glKJ >>=" Aw.step (A(a:x).6"(w [a]))
Note first that by Lemma A.17,

Ak [M]5 >>=" Aw.step" (A(a:k).6" (w [a])) = [M]s >>= Aw.step”(87w)

so by the bind lemma, the proof obligation reduces to showing

step®(A(a:x).6% (v [a])) jfg‘( X Kstepv((SVw) (16)
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under the assumption that v gl'j)\(/arl w. By definition, the assumption means

K, Val

> (a:K).(U [Uf] ST[yX.r/X

1 force(w))
and this is equivalent to (16) because step”(8"w) ~» force(w).
In the case of M = case(L, x.N, y.P), note that
X . . |inlw > [[N]}’(p []) i
[case(L,x.N,y.P)], = AK.[[L]]p (] >>=

inrw = [P0 1)) o

inlw = [N],xsw

= [L], >= {

inrw = [P], yw

so that by the induction hypothesis and the bind lemma, the proof obligation reduces to showing

(5"0 - {inlv > step”(Aa.(N)j5 x0) ) xval (5Vw . {inlw = [N]pxw

inro — step*(Ae.(P)} 4s0) =t intw = [P],
assuming o s(';’l\ﬂz w. There are two cases for the latter, and we just show the case of v = inlv’

and w = inl w’ with o’ s:;;""*' w’. In that case the obligation reduces to

—_—K
step (Aa.(N)* ) sf’val INT]pxw

p.Xx—U

which by definition is

—_—K
,Val
S ANDS s S5 [N pvsw)

which is just »* applied to the induction hypothesis for N. ]

We can now finally prove Theorem 6.1.

PROOF OF THEOREM 6.1. One direction follows directly from Lemma 8.3: Since Vi.[M]* <™
eval M, by Lemma 7.4 also PT()([M]) <im PT(,)(eval M). For the other direction, PT( ) (eval M) =
PT()((M)) by Corollary A.14, and since Vx.((M)* <t [M]) also PT(y((M)) <im PT()([M]) by

Lemma 7.4, so PT()(eval M) <y, PT()([M]) as required. O
Section 9
PrOOF OF THEOREM 9.3. Let Vg,, Vg, and Vanq be the values that Ry, R; and 2nd reduce to. It suf-

fices to show that Vand(Vr, (21)) =cix Vr,(2n). We first show [Vand (Vr, (21))]* ﬁ'lfzr;_ eval(Wg,(2n))

by guarded recursion, focussing just on the case of n > 0, which is the harder one. Now,
[Vr, (20)]* = A*[Gr, V&, (2n)]*
= A* (" (next* (inr (2n, /L.[[choice% (Vr,(2n=1), W, (2n+1))]))))

= A® (5K(next’<(inr (2n, A_.[Vk,(2n=D)]* o [[VRI(M)]]K))))
So that

[[Van(VRl (@))]]K = AK([[Gan (Y Gan)(VR1 (z_n))ﬂx)
= A*([Gand Vand(Vr, (20))]")
= (A)* (8" (next" (inr (21, A_Wg,))))
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where

We, = ([[Vznd(tI(VRl(Zn—l)))ﬂK o) [[Van(tl(VRl(M)))ﬂK)
Similarly,

eval(Vg,(2n)) ~ eval(2n :: lam y.ifz(2n, niI,choice% (R, (2_n),choice% (WR,(2n —2), Vg, (2n + 2)))))

= fold (inr (2n, lam y.ifz(2n, nil, choice? (WR,(2n), choice? (WR,(2n=2), Vg, (2n+2))))))

So showing [Vand(Vg, (2n))]* ﬁf;TZ;"L eval(Vg,(2n)) easily reduces to showing

> (Wr, ﬁf;TZr;L eval(choice% (W&, (2n), choice? (WR,(2n=2), Vg, (2n+2))))) (17)

Since 2n — 1 > 0, a similar reduction to above shows that
[Vana(t1(Vi, (20=D))]* = (A% ([Vana (Vi, (2n=2))[* @ [Vana Vi, (20)]*)

[Vana (t1(Ve, (21 D)) = (A%)2 ([Vana (Ve, (2) ] @5 [Vana (Vi (20=2)]*)

so by Lemma 7.7 (17) is equivalent to

([Vana(Ve, )T @ ([Vana(Ve, (20=2))]" & [Vana (Vi (2n+2))])
(DK) 2 2

<5 eval(Ve, (2m) @] (eval(Vk, (20-2)) &) eval(Vk, (2n+2)))

which follows from the guarded induction hypothesis and Lemma 7.8.

For the other direction, we will show [V, (2n)]* ﬁ'lfg;';l_ eval(Vand(VR,(2n))) by guarded recur-

sion, focussing again on the case of n > 0. First unfold definitions on the left hand side:
[Vk,(2n)]" = A*[Gr, Vk,(2n)]*
= A* (8" (next* (inr (2n, A_.[choice? (Vi,(2n), choice? (Vk, (2n—2)), Vi, (2n+2)))]%))))

= A% (6" (next* (inr (21, A_ [V, (2n)[* @} ([Vk, (2n=2)]" & [Vk, (2n+2)]*)))

and on the right:
eval(Vg,(2n)) ~ eval(Gg, Vg, (2n))
~> 2n = lam y.ifz(2n, nil, choice? (V, (2n—1), Vi, (2n+1)))
so that

eval(Vand(Vk,(2n))) ~ eval(Gang 2nd (VR,(2n)))
~> eval(Gand Vand (Vi, (21)))

~> 2n = lam y.Vanq (tl(lam y.ifz(2n, nil, choice%(VR1 (2n—1), Vg, (2n+1))) (}))
and so the goal reduces to showing
(Ve 20T &% (IV, 2(n=1)* & Ve, 2+ 1)) <500,

eval(Vaong(tl(lam y.ifz(2n, nil, choice? (W, (2n—1), V&, (2n+1))) ())))

>
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Now,
eval(tl(lam y.ifz(2n, nil, choice? (Wr,(2n—1), Vg, (2n+1))) ()))
~> eval(tl(choice? (Vi, (2n—1), Vg, (2n+1))))
~ eval(tl(Vg, (2n—1))) @Y eval(tl(Vg, (2n+1)))
~> eval(choice? (Vk, (2n—2), Vi, (2n))) @ eval(choice? (V, (2n), Vi, (2n+2)))
= eval(Wg, (2n)) 69\1 (evaI(VR1 (2n-2)) GBvl eval(Vg, (M)))

so that
eval(Vong(tl(lam y.ifz(2n, nil, choice? (W, (2n—1), V&, (2n+1))) (})))

~> eval (Vana(Ve, (2)) &) (eval(Vana (Vi, (21=2))) & eval (Vana( Vi, (2n+2)) )

From this it follows that (18) can be proved using the guarded recursion assumption. m]
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